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Abstract

We study robust intervention in networks where a decision maker (DM)
allocates resources to guide outcomes toward a target, while an adversarial
Nature selects the network’s dependence structure within a moment-consistent
uncertainty set to maximize the DM’s loss. We characterize the unique robust
intervention and show that Nature’s worst-case response exhibits a row-wise
rank-1 property: uncertainty concentrates along a single direction aligned with
the DM’s intervention vector, reducing high-dimensional distributional ambigu-
ity to a sign-pattern-driven fixed point. Applying the framework to four network
topologies—pandemic mitigation, financial stabilization, supply chain manage-
ment, and faculty recruitment—robust intervention trades off mean influence
against correlation risk, yielding qualitatively different prescriptions from stan-
dard models. We further show that cross-block links generate disproportionately
large costs of uncertainty, as they propagate worst-case dependence through
multiple network segments simultaneously.

Keywords: robust intervention; network uncertainty; adversarial Nature; corre-
lation risk; robust optimization

1 Introduction

Central authorities routinely intervene in interconnected systems where outcomes de-

pend on a network of interactions whose structure is only partially known. A health
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authority allocating vaccines, a central bank injecting liquidity, or a government subsi-
dizing supply chain capacity must reason not only about direct effects, but also about
how their interventions propagate through the network. Yet, the very dependencies
that govern this propagation—contact patterns between regions, exposures between
banks, or input-output dependencies between firms—are typically observed only with
substantial uncertainty. While a growing literature has formalized the design of opti-
mal interventions in networks (e.g., Galeotti et al., 2020, 2024; Jeong and Shin, 2024;
Li and Tan, 2025; Parise and Ozdaglar, 2023; Sun et al., 2023), this body of work
largely treats the network structure as known. How a decision maker should design
interventions when the network’s dependence structure is itself uncertain remains an
open question.

This paper develops a framework for robust intervention in networks under struc-
tural uncertainty. We model the problem as a zero-sum game between a decision
maker (DM) and an adversarial “Nature.” The DM allocates resources to guide net-
work outcomes toward a target, while Nature selects the dependence structure of the
network within an uncertainty set to maximize the DM’s loss. By analyzing the worst-
case scenarios that emerge under this framework, we characterize the DM’s optimal
intervention strategy, which accounts for both the mean influence of the network and
the risks introduced by uncertainty:.

The importance of accounting for network uncertainty is best illustrated by con-
crete policy problems. During a pandemic, public health authorities allocate medical
supplies across regions where true mobility patterns are observed with substantial
noise. During a financial crisis, central banks inject liquidity into commercial banks,
but the resulting interbank exposure patterns shift in unpredictable ways (Liang,
2018). Similar informational frictions plague the allocation of capacity subsidies in
interdependent supply chains and the integration of new agents into expanding orga-
nizational networks. In all these cases, the planner may know the marginal moments
of the network links from historical data, but cannot reliably estimate how shocks
across different links are correlated. Under this asymmetry, robust intervention re-
quires a fundamentally different approach: rather than simply maximizing influence
by targeting central agents, the planner must guard against the worst-case correlation
risk that Nature can inflict.

Our zero-sum game formalizes this trade-off through a quadratic objective function

that captures the interaction between the intervention strategy and the network’s un-



certain structure. Nature chooses the dependence structure to maximize this quadratic
term, amplifying uncertainty in the most detrimental way for the DM. Anticipating
this worst-case response, the DM devises a strategy that remains effective regardless
of how Nature manipulates the network’s dependence structure (Theorem 1).

Our main result characterizes the DM’s unique robust intervention and the corre-
sponding worst-case network configuration chosen by Nature. We show that Nature’s
adversarial response exhibits a row-wise rank-1 structure. That is, for each receiver,
uncertainty concentrates along a single direction whose sign pattern perfectly aligns
with the DM’s intervention, allowing Nature to maximally amplify the harm from
correlation risk. This characterization reduces a high-dimensional ambiguity over the
network’s joint distribution to a highly tractable, sign-pattern-driven object, provid-
ing a sharp economic interpretation of worst-case dependence.

We apply the framework to four economically motivated network topologies, each
illustrating a distinct policy problem. The d-regular network captures pandemic miti-
gation with symmetric contact patterns, where we show that the optimal intervention
intensity is inverted-U shaped in network density—revealing a tension between the
leverage benefits of connectivity and the correlation risk it amplifies (Proposition 1).
The core-periphery network captures financial stabilization, where a robust central
bank optimally allocates liquidity to peripheral institutions even when the core dom-
inates in mean influence, contrasting with the bang-bang corner solutions of standard
intervention models (Proposition 2). The directed bipartite network captures sup-
ply chain management, where upstream transmission uncertainty shifts the planner’s
optimal mix of subsidies toward direct downstream interventions (Proposition 3).
Finally, the network expansion case captures faculty recruitment, illustrating how
a planner hedges against partial information when integrating a new agent into an
existing collaboration network (Proposition 4).

We further analyze the comparative statics of the model by evaluating the
marginal value of robust intervention with respect to individual link variances (Propo-
sition 5, Proposition 6). We demonstrate that this marginal value perfectly isolates
the economic cost of uncertainty, which is driven entirely by the penalty of the naive
DM’s relative over-exposure to worst-case correlation. Furthermore, when a naive
intervention fundamentally misinterprets the required direction of intervention, Na-
ture’s strategic flexibility widens the gap between the ex-ante and ex-post values

of robustness, inflicting an even steeper penalty. We show how network architecture



governs these costs: in core-periphery configurations, cross-block links generate a sub-
stantially larger marginal value of robust intervention than within-block links because
they propagate Nature’s uncertainty through both network segments simultaneously.
This yields a direct policy implication: a regulator with limited measurement capacity
must strictly prioritize estimating the variance of systemic, cross-block conduits, as
they contribute disproportionately to the cost of uncertainty.!

Taken together, our findings highlight that effective interventions in uncertain
networks must balance two competing forces: the benefit of targeting high-influence
agents and the cost of correlation risk that Nature can inflict on the most influential
directions. By characterizing the robust intervention and decomposing its costs, our
framework provides an approach to decision-making in network environments under

structural uncertainty.

1.1 Related Literature

The current paper is broadly related to three strands of literature: network interven-

tions, strategic interactions in networks, and robust mechanism design.

Intervention in networks. In the recent growing literature on intervention in net-
works, there are two approaches: (i) intervening in the network structure (e.g., Della
Lena, 2024; Sun et al., 2023) and (ii) intervening in incentives within a given network
structure (e.g., Belhaj et al., 2023; Galeotti et al., 2020, 2024; Jeong and Shin, 2024;
Li and Tan, 2025; Parise and Ozdaglar, 2023). Our paper relates to both strands of
this literature. Specifically, we study how a DM can intervene in agents’ strategic
incentives while accounting for uncertainty in the realized network, which arises from
a game-like interaction between the DM and an adversarial Nature. Under certain
constraints, the network structure is determined by Nature, an adversarial player
whose objective opposes that of the DM. Galeotti et al. (2024) also examine robust
interventions to improve market efficiency in the context of oligopolistic market com-
petition. Their notion of robustness focuses on achieving a certain property with high
probability. In contrast, our approach emphasizes worst-case scenario optimization,

aligning more closely with the robust mechanism design literature (e.g., Bergemann

'In Online Appendix OB, we extend the framework to incorporate higher-order interactions,
which arise naturally in network games, supply chains, and contagion models. Using a second-order
approximation, we show that the rank-1 property of the worst-case scenario persists even when
network effects propagate through indirect pathways.
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and Morris, 2005; Carroll, 2015).

Strategic interactions in networks. Intervention models are applicable to various
frameworks, such as public goods games (e.g., Allouch, 2015; Bramoullé and Kran-
ton, 2007; Galeotti and Goyal, 2009) and social learning models (e.g., DeGroot, 1974;
DeMarzo et al., 2003; Golub and Jackson, 2010, 2012). One particular area of the
literature related to our research focuses on network games with uncertainty. Previ-
ous studies (e.g., Chaudhuri et al., 2024; Galeotti et al., 2010; Shin, 2021) examine
uncertainty on the agents’ side, where agents make equilibrium decisions based on in-
complete information about the underlying networks. In contrast, the current paper
considers uncertainty on the DM’s side; the DM, who intervenes in agents’ behavior,

has limited information about the underlying networks.

Robust mechanism design. Our study relates to the growing literature on ro-
bust mechanism design. Bergemann and Morris (2005) develop a robust implementa-
tion framework that achieves equilibrium under minimal assumptions about agents’
knowledge. In a principal-agent model, Carroll (2015) extends this approach by re-
laxing distributional assumptions and designing mechanisms that perform optimally
under worst-case scenarios of informational uncertainty. Similar worst-case scenario
and max—min approaches have been extensively applied not only in principal-agent
settings (e.g., Frankel, 2014; Garrett, 2014; Kambhampati, 2024) but also in auction
settings (e.g., Brooks and Du, 2024, 2021; Che, 2022; He and Li, 2022; Kogyigit et al.,
2019) and industrial organization theory (e.g., Guo and Shmaya, 2025).

To the best of our knowledge, the current paper is the first to study the robustness
of a DM’s intervention when there is uncertainty about the relevant network struc-
ture. As in the previous robust mechanism design literature, we analyze the DM’s
intervention strategy in a network setting to ensure ex-ante optimal outcomes under
worst-case scenarios. In our model, due to the quadratic objective function of the DM,
the worst-case scenario is represented by the correlation structure, which is in line
with, for example, Cremer and McLean (1988), He and Li (2022), Myerson (1981).
In terms of modeling uncertainty, Che (2022) and Kogyigit et al. (2019) consider
distributional robustness; in contrast, the current model approaches uncertainty as a

matrix completion problem.



2 Model

2.1 Environment and Robust Objective

Notation. Throughout the paper, vectors are columns. For a vector a, a; denotes its
ith entry. For any a,b € R", (a,b) and a ® b denote the inner and outer products,
respectively, and ||a]| is the Euclidean norm. For a matrix A, A; is its ith row (as a
vector), A7 its jth column, A;; the (i, 7) entry, and AT the transpose. The operator
norm is denoted by ||A|| and the Frobenius norm by ||A||p.? When clear from context,
a vector is treated as a matrix; for instance, a®@ b = ab'. Let PD* and PSD* denote
the sets of all k x k real symmetric positive definite and positive semi-definite matrices,
respectively. Without loss of generality, assume that agent n 4+ 1 is the new agent

joining the existing network of n agents.

Network, uncertainty, and intervention. Let N = {1,... ,n} denote the set of
agents. The (random) influence network is an n x n matrix G € R™", where G;;
captures the effect of agent j’s allocation on agent i’s outcome. A positive (negative)
G,; indicates a beneficial (detrimental) effect of j on i. G may be symmetric, as in
network games (e.g., Galeotti et al., 2020), or asymmetric, as in social learning (e.g.,
Jeong and Shin, 2024). The entries G;; are correlated random variables, with mean
m;; = E[G;] and variance v;; = Var(Gy;) for each i,j € N.

There is a decision maker (DM) who allocates a vector of resources x € R™ across
agents. The DM knows m,;; and V?j for each 7, j, but not the covariances across links
within each row of G.? For a given allocation x, the realized outcome vector is Gx.

We focus on this one-shot formulation (Gx) to cleanly isolate the mechanics of
worst-case correlation risk. However, this is not a fundamental limitation: in Online
Appendix OB, we show that the core rank-1 property persists under higher-order

interactions and long-run equilibria (e.g., the Leontief inverse).

Adversarial Nature and timing. The decision problem can be described as a

three-stage game between the DM and an adversarial Nature.*

2Since ||A|| corresponds to the spectral norm, if A is symmetric and positive semi-definite, then
Al = Amax < >oiy Ai = ||A||r, where Apax > 0 is the largest eigenvalue of A, and \; > 0 is the
ith largest eigenvalue of A. Equality holds if and only if A is a rank-1 matrix.

3We microfound this ambiguity in terms of limited joint observations and latent-factor structures
in Subsection 2.2.

4An equivalent interpretation is that the DM entertains a set of priors over G consistent with the



1. In the first stage, the DM chooses an allocation vector x € R™ to make the
resulting outcome Gx close to a target vector z € R, while accounting for the

cost of deviating from a reference allocation vector x° € R".

2. In the second stage, adversarial Nature selects a joint distribution (dependence
structure) for G, consistent with the DM’s moment information, to maximize
the DM’s loss.

3. In the third stage, G is realized and the outcome vector Gx is determined.

Because the DM moves first, she anticipates Nature’s worst-case response when se-

lecting allocation vector x.

Robust objective. The DM’s loss has two components: a quadratic loss from devi-
ations of Gx from the target z, and a quadratic cost of deviating from the reference
allocation x°. Let II denote the set of distributions over G satisfying the marginal

moment restrictions

Eﬂ[Gij] = mij and Varﬂ(Gij) = V-2

i for all 7,5 € N.

The DM’s robust optimization problem is formulated as follows:

. 1 ) B w112
min max 5 (B [IGx— 2] + [ Choe ) ), B
where C is a symmetric positive semi-definite matrix capturing the cost of deviating

from reference allocation x°.°

Let m; = E;[G]] € R" collect the mean influences toward agent 4, and let U; =
G/ —m; € R" denote the corresponding deviation vector. Define M; = m; ® m; and

B; = E,[U,;U]]. In Appendix A, we show that the expected quadratic loss admits

the following decomposition:

Er[lGx — z°] = (x, Mx) + (x, Bx) — 2(), x) + | 2|, (2)
where M = )" | M, aggregates mean influences, B = )" | B, aggregates within-row
covariance, and ¢ = > 1; with ¢; = zm,.

Expression (2) decomposes the effect of changing x into three channels: a mean

influence component (x, Mx), an uncertainty component (x,Bx), and a target-

available moment information and evaluates policies using a max—min criterion; see Ben-Tal et al.
(2009) for related robust optimization formulations.

SWithout loss of generality, we take C to be symmetric because the objective is quadratic. The
factor % is a conventional normalization for quadratic objectives (e.g., Galeotti et al., 2020, 2024).



alignment component —2(1), x). In the main text, we combine this with the inter-
vention cost ||Cz(x — x°)|? to obtain a quadratic representation of the DM’s robust

optimization problem.

Standing properties. We maintain two properties throughout the analysis:

(A) Property A (independent responsiveness). The aggregated mean influence
matrix M = Y7 |, m; ® m; is full rank (equivalently, M > 0).

(B) Property B (non-negligence). The DM’s robust intervention x* solving DM’s

problem (1) has no zero entries.

Property A requires that no agent’s mean influence vector is a linear combination
of others’. Mathematically, this property implies that the DM’s objective is strictly
convex in X, which yields a unique robust intervention. Property B rules out corner
solutions and will be used to obtain uniqueness of Nature’s worst-case dependence
structure. In Appendix B, we further provide primitive sufficient conditions and an
equivalent characterization of Property B.

To fix ideas, this framework naturally accommodates a variety of economic envi-
ronments. For instance, in pandemic mitigation, x represents medical resources and
B captures ambiguous local outbreaks. In financial stabilization, x represents liquid-
ity injections and B captures systemic funding shocks. In supply chain management,
X represents capacity subsidies and B captures correlated production disruptions.
Finally, in faculty recruitment, the framework models the uncertain collaborative im-
pact of a new hire. We formally explore these applications and their corresponding

network topologies in Subsection 3.2.

2.2  Uncertainty Set and Microfoundations

We now construct the uncertainty set B that disciplines Nature’s adversarial move.
Although Nature in principle chooses a joint distribution 7 € II, we show below
that under the DM’s quadratic loss the relevant ambiguity collapses to a within-row

covariance object, motivating B as the natural reduced form.

Row-wise uncertainty. For each agent ¢« € N, let B; denote the set of matrices B;

that are symmetric and positive semi-definite,® and satisfy (B;);; = V?j forall j € N.

6This restriction is consistent with B; = E[U;U]], where U; is the vector of deviations in G.
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The set B;, referred to as the individual uncertainty set, is convex and compact.” The

aggregate uncertainty set is the Minkowski sum

5= (B

B= ZBZ' for some B; € Bi},
i=1

which collects all feasible aggregated covariance objects Nature can choose. We refer

to B as the uncertainty set in the sense of robust optimization (Ben-Tal et al., 2009).8

Moment-based ambiguity and row-wise dependence. We interpret B as arising
from limited statistical information about the influence network. The random influ-
ence matrix is G € R™*", with entries G;; capturing the effect of agent j on agent 7.
The DM observes a finite history of network realizations or reduced-form estimates
and can reliably estimate, for each link (¢, j), the mean m;; and variance V?j of Gjj,
but has only coarse information about dependence across links within each row of G
because joint observations of (G, G) are limited.” Accordingly, the DM imposes
the moment conditions E[G;;] = m;; and Var(G;) = v for all 4,j € N, and treats
as feasible every dependence pattern consistent with these constraints and covariance
feasibility.

Writing G = E[G]+ U with U mean-zero, and letting U; = G] —m,; € R" denote
the column vector of row-i deviations, the covariance matrix B; = E[U;U]]| € PSD"
has diagonal (B;);; = V?j pinned down by the maintained moments, while the off-

diagonal entries (B;);, = Cov(Gy;, Gix) for j # k are left unspecified.

Correlation-matrix representation. Let D; = diag(v;i,...,vi,). Then, any B; €
B; can be written as B; = D;R;D;, where R; is a correlation matrix (an element of
the elliptope). With this decomposition of By, it follows that uncertainty is entirely

about within-row correlations.

Why B is the relevant reduced form under quadratic loss. As shown in Ap-

"Convexity is immediate. Compactness follows because B; is closed and bounded: for any given
B; >~ 0, the Cauchy-Schwarz inequality implies |(B;),x| < +/(Bi);;(Bi)rx = vijvir for all j,k € N.
In particular, tr(B;) = >7_,(B;);; = >_7_, v}, for all B; € B;.

8Our uncertainty concerns dependence in the influence network rather than payoff or technology
uncertainty, as in robust mechanism design and related models; see, for example, Bergemann and
Morris (2005); Carroll (2015); He and Li (2022).

9This interpretation parallels moment-based ambiguity sets in distributionally robust optimiza-
tion, where the decision maker trusts marginal moments but remains agnostic about the joint dis-
tribution beyond these moments; see, for example, Delage and Ye (2010); Zymler et al. (2013).



pendix A, the expected quadratic loss depends on the distribution of G only through
first and second moments. In particular, dependence ambiguity affects the objective
only through the row-wise covariance objects {B;};cn, hence through their aggregate
B =" B, € B.'° This is why Nature’s move can be represented as a choice of

B € B rather than a choice over the full set of joint distributions for G.!!

3 Analysis

This section characterizes the DM’s robust intervention and Nature’s rank-1 worst-
case response in a fixed network (Subsection 3.1), and applies these findings to four
distinct network topologies that capture the structural features of our motivating

economic applications (Subsection 3.2).

3.1 Main Theorem: Robust Intervention

This subsection presents the main characterization theorem for the DM’s robust in-
tervention and Nature’s worst-case response in a fixed network. We work with the
quadratic representation obtained in Appendix A. Let ¥ = Cx° and recall that
M=>" m;®m,; For x € R" and B € B, we define

£, B) = 3 (66 M+ C)x) + (. Bx) = 200 + 0, %)), )

where constants that do not depend on (x,B) are dropped. Then, the DM’s robust

problem (1) is equivalent to minyegn» maxges f(x, B).

Theorem 1 Assume Properties A and B. Then, the following hold:

(a) (Duality, saddle point, and robust intervention.) The minimaz equality holds:

R /00 B) = ey pin SO0 B) @

Moreover, there exists a saddle point (x*,B*) € R™ x B such that x* solves the

DM’s primal problem and B* solves Nature’s dual problem, and they satisfy the

190nline Appendix OC provides additional microfoundations for B, including Bayesian and
partial-identification interpretations and concrete data environments that rationalize ambiguity
about within-row covariances.

HSee also Gupta and Kallus (2022) for related Bayesian interpretations of moment-based ambi-
guity sets under quadratic loss.
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first-order condition
(M +B* + C)x* = ¢ + 1. (5)

The robust intervention X* is unique.

(b) (Rank-1 structure of the worst-case uncertainty.) Fiz any x € R™ with no zero

entries, and define, for each i € N, the vector
qi(x) = (s(xl)vﬂ, . s(xn)vm)T e R". (6)

Then Nature’s (row-wise) best response to x is unique and given by B; pr(x) =

q;(x) ® q;(x) for each i € N, and the aggregated best response is

Bgr(x Zqz x) ® q;(x) € B. (7)

At the saddle point, x* has no zero entries by Property B, so the formula
above applies and B* = Bpgr(x*). Consequently, B* = > "'  Bf with B} =
q;(x*) ® q;(x*) for all i € N, and the robust intervention satisfies the fized-

point equation:
€ = (MorYai)wat) w0 ®

(¢) (Uniqueness of the worst-case scenario.) The worst-case uncertainty B* is

unique because x* has no zero entries.'?

Computation via orthants. Theorem 1-(b) implies that Nature’s response depends
on x only through the sign pattern of its entries. For any sign vector s € {+1, —1}",
define q;(s) = (s1vi1, ..., S,Vin) " and B(s) = > | qi(s) ® q;(s). Then x(s) = (M +
C + B(s)) ' (¢° + ) is well defined under Property A. A sign vector s is consistent if

s matches the sign pattern of x(s), in which case x* = x(s) and B* = B(s).

Proof sketch of Theorem 1. By Appendix A, the robust objective reduces to
min, maxges f(x, B) with f quadratic in x and linear in B. Under Property A, f(-, B)
is strictly convex and coercive, while f(x,-) is linear on the convex compact set B.
Sion’s minimax theorem yields the minimax equality and a saddle point (x*, B*),
with x* unique by strict convexity. Nature’s problem separates across rows: writing
B; = D;R;D; with D; = diag(v;1,...,vi,) and R; a correlation matrix, (x, B;x) is
maximized by aligning R; with the sign pattern of x, i.e., (R;);x = s(x;)s(xy), yielding

121f Property B does not hold, then Bpr(x*) need not be unique.
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the rank-1 form B} = q;(x) ® q;(x). Property B ensures x* is interior, pinning down

the sign pattern and making Nature’s best response unique.

3.2 Applications

To illustrate the flexibility and economic significance of our robust intervention frame-
work, we now apply our analytical results to four distinct network topologies. Table 1

summarizes the mapping of our model primitives to these economic contexts.

Context Intervention (x) Mean influence (M) Uncertainty (B)

Pandemic Resource allocation Contact and mobility patterns Ambiguous local outbreaks
Finance Liquidity injection Interbank lending and exposure  Systemic funding shocks

Supply chain Capacity subsidies Input-output dependencies Correlated production disruptions
Faculty recruitment Research funding/support  Collaboration and citations Unknown cross-link effects

Table 1: Mapping of Model Primitives to Economic Contexts

For each network topology, we first frame the mathematical structure within its
motivating economic context, perform the robust optimization analysis in a context-
free manner, and then interpret the optimal intervention strategy through the lens
of the application. Each application below exhibits a permutation symmetry of
(M, B, C,z,x"), so the unique robust intervention inherits this symmetry and the
n-dimensional problem reduces to a low-dimensional representative-agent problem
(e.g., Galeotti et al., 2020; Jeong and Shin, 2024). Property A may fail for the ambient
M (e.g., periphery agents share rows; upstream agents have zero rows), but holds for
the reduced mean-influence matrix, which is the level at which Theorem 1 is applied

throughout this subsection.

3.2.1 The d-Regular Network: Pandemic Mitigation

To analyze the robust allocation of medical resources (e.g., vaccines or testing kits)
across a decentralized geographic area, we model the regions as a population of n
agents arranged in a d-regular network Gy with 2 < d < n — 1 (e.g., Watts and
Strogatz, 1998). Each agent ¢ (a region) connects to exactly d neighbors in a symmetric
manner, representing contact and mobility patterns. Figure 1 illustrates how the

network topology varies with the density parameter d.
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(a) sparse ring (d = 2) (b) dense lattice (d = 4) (c) complete (d =9)

Figure 1: Illustration of d-regular networks of n = 10 agents.

We assume that each link transmits influence with a strictly positive mean influ-
ence m > 0 and a variance v? > 0. Due to the symmetry of the network, we restrict
our attention to a symmetric intervention without loss of generality; that is, z; = x for
all agents 7 in the network. Similarly, we assume that the intervention cost parameter
is ¢ > 0 and the target is z; = 1 for all 7. Consequently, by taking into account the
worst-case scenario, the DM (e.g., a public health planner) minimizes the following
objective function:

@+ 02— pdmg ©)

quadratic penalty leverage benefit

N3

where Q0 = m?+v? > 0 represents the aggregated link weight parameter. By the first-

order condition, the optimal symmetric intervention intensity is given in Proposition 1:

Proposition 1 The unique robust symmetric intervention is x*(d) = m.
x*(d) is inverted-U shaped and peaks at d* = \/c/(m? + v?), which is decreasing in v.

For d < d*, intervention increases with density due to the dominance of leverage;
for d > d*, it decreases as the correlation penalty dominates. Higher uncertainty
lowers this threshold. This implies that optimal networks balance leverage and risk:
sparse networks underutilize influence, whereas dense networks over-correlate shocks.

Proposition 1 offers a distinct view of the “robust-yet-fragile” property of dense
networks (Acemoglu et al., 2015). In the context of pandemic policy, increasing mo-
bility links (d) improves the average sharing of medical resources. However, it also
creates ex-ante informational fragility: as d increases, the worst-case correlation risk
of regional outbreaks grows in proportion to d?, dominating the linear leverage bene-

fit in d. Consequently, a robust public health planner facing highly connected, highly

13



uncertain regions might actually reduce uniform intervention intensity, leading not to

mechanical failure, but to an optimal shift toward more cautious, targeted strategies.

3.2.2 The Core-Periphery Network: Financial Stabilization

We next analyze the financial stabilization problem, mapping the interbank lending
market to a core-periphery network (CP network). Denoted by CP, j, the network
consists of n agents, where agents 1, ...,k form the “money-center” core and agents
k+1,...,n form the regional periphery (e.g., Borgatti and Everett, 1999). As illus-
trated in Figure 2, the CP network is characterized by a dense core block (clique)
and a periphery that connects only to the core. This core-periphery architecture is
widely documented in interbank lending networks (e.g., Craig and von Peter, 2014;
Fricke and Lux, 2015).

(a) star network (k =1) (b) dense core (k = 4)

Figure 2: Comparison of CP architectures

We assume that m > 0 is the uniform mean influence and v? > 0 is the variance.
We consider a central bank with a uniform solvency target z = 1 and a block-
symmetric liquidity intervention strategy x = [x.1],x,1 ,]T, so Property A holds for
the reduced mean-influence matrix. By taking into account the worst-case scenario,

the DM minimizes the following objective function:

1
—x" (M +B* +cl)x —'x

2
k —k
= S0k = Do+ (n = k)" + " RO ke g[/mz + (n — k)22
systemic risk via core systemic risk via periphery intervention cost
- \[kjwcxc + (n - k)¢pxplv

linear benefit
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where ¢, = m(n — 1) and ¢, = mk. Differentiating with respect to x. and z,, yields
the linear system:
Qn—-2k+1)+c Qk—-1)(n—k)

Te| n—1
ek — 1) Qk(n — k) + xp]_m[ k ]

Since 2, ¢ > 0, the coefficient matrix is invertible, yielding a unique intervention

(xf, x;)T. The next proposition characterizes its key qualitative property.

Proposition 2 The unique robust block-symmetric intervention (.CE:,.T;) satisfies

z; > 0 and x, > 0, with 3 > 0 holding even at ¢ = 0. Hence the robust central
bank always allocates strictly positive liquidity to the periphery, ruling out bang-bang

corner solutions on the core.

Proposition 2 provides an important insight for financial regulation. Standard
network intervention models under linear budget constraints (e.g., Galeotti et al.,
2020) often dictate “bang-bang” corner solutions (e.g., x, = 0) where all liquidity is
pumped into the highly central core. However, in our robust framework, the planner
anticipates that the core also acts as the primary hub for systemic risk. At z, = 0,
the marginal leverage benefit toward the periphery is strictly positive and dominates
the cross-coupling risk through the core at the constrained optimum z, so a robust
central bank always finds it optimal to allocate at least a marginal amount of liquidity

directly to the periphery (z; > 0).

3.2.3 The Directed Bipartite Network: Supply Chain Management

We apply our framework to supply chain management, modeled as a directed bipartite
network consisting of k£ upstream agents and n — k downstream agents (see Figure 3).
Upstream agents (U) represent suppliers of essential parts or raw materials, while
downstream agents (D) represent manufacturers producing the end product.

Each upstream agent j € U influences every downstream agent ¢ € D with mean
m > 0 and variance v? > 0, capturing uncertainty in the transmission of inputs (e.g.,
due to shipping delays or yield issues). Each downstream agent ¢ € D additionally
receives a direct policy instrument with mean p > 0 and variance v% > 0, capturing
direct capacity subsidies whose effectiveness varies by manufacturer. Influence flows
only from U to D; no downstream agent influences upstream agents. The DM (e.g.,

a government planner) targets the downstream production level, setting zp = 1 and
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2y = 0, with cost matrix C = ¢l and reference x° = 0. In addition, we focus on the
regime where the intervention cost c is sufficiently large to ensure interior solutions in
both blocks; this captures settings with significant budget or implementation frictions,
which is often assumed in the network intervention literature (e.g., Galeotti et al.,

2020; Jeong and Shin, 2024).

Upstream:

Downstream:

Figure 3: The directed bipartite network.

Notes: The network consists of 3 upstream agents (U) and 5 downstream agents (D). Directed arrows

represent the uncertain transmission of grants from U to D with mean m and variance v2. Self-loops
2

at downstream agents capture direct local provision with mean p and variance v7,.
By taking into account the worst-case scenario, the DM minimizes the following

objective function:
n—=~k

[sz x} 4 2kQup vyrp + Qp :1:%] + g [k’:z:?] + (n— k)xQD} —(n—k) [k:ma:U + pxpl,
(10)
where 0 = m? +v%, Qp = p? + v3, and Qup = mu + vup. The first-order conditions
yield the unique solution characterized as a solution of the following equation:
[/{:2(71 — k)Q + ke k(n — k)Qup ] xU] ek [km] o
kn—k)Qup  (n—k)Qp+ (n—k)c| |5 o

The cross term Qup = mu + vvp captures the worst-case comovement between the

upstream network channel and the direct downstream channel: adversarial Nature si-
multaneously amplifies uncertainty in both instruments, reducing the benefit of split-
ting resources across them. Consequently, 2y p depends on the product vvp, so this
adversarial coupling is active only when both channels are uncertain. This structure

gives rise to two qualitatively distinct comparative-statics regimes.

Proposition 3 For sufficiently large c, xj;,x}, > 0. Moreover:
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(i) Substitution regime. When vp = 0, z—g = %, strictly decreasing in v.
* 2
Symmetrically, when v =0, z# = W(l + UTD), strictly increasing in vp.
D

(ii) Joint-retrenchment regime. When v,up > 0 and ¢ > max{k(n — k)m?, p*},

increasing v near zero strictly reduces both xj, and x7,.

Proposition 3 reveals a nuanced policy trade-off in supply chain management.
With single-channel uncertainty (e.g., upstream shipping is volatile but downstream
subsidies are administratively reliable), the robust planner substitutes toward the
safer channel: increasing the uncertain channel’s variance shifts allocation toward the
reliable instrument, recovering the intuitive “flight to safety.”

With joint uncertainty, however, this intuition breaks down. The worst-case cross-
covariance Qyp = mu + vvp couples the two channels: greater dispersion in either
link not only raises that link’s variance but also amplifies the adversary’s capacity
to comove shocks across both channels. The DM cannot escape this coupling by
reallocating; the optimal response is joint retrenchment, a measured withdrawal across
both instruments to limit overall exposure. Moreover, when the network multiplier
dominates the direct channel (k(n — k)m? > p?), joint uncertainty even shifts the
relative allocation toward the high-leverage network instrument, as direct subsidies
retreat more rapidly than network subsidies.

The implication is sharp: in a moderate disruption affecting only one channel (e.g.,
a localized supply bottleneck with reliable government intervention capacity), the
planner can substitute reliably toward the unaffected channel; in a deep systemic crisis
where multiple channels are simultaneously exposed (e.g., global shipping bottlenecks
coinciding with local administrative disruptions), the planner must retrench across all
instruments because the adversary can coordinate shocks across them. Robust policy
in dual-uncertainty environments reduces exposure rather than reallocating across

channels.

3.2.4 Network Expansion: Recruiting New Faculty

In the context of faculty recruitment, the relevant network evolves as a new researcher
joins the institution. The DM (a university administrator allocating research support)
continues to evaluate interventions using the max-min objective (1), but the infor-

mation available about within-row covariances expands only partially.

17



From a fixed network to an expanding network. The baseline analysis treats
the set of agents N as fixed and models uncertainty through within-row dependence
ambiguity. In many applications the relevant network evolves: new agents, locations,
or institutions enter, and the DM must update the intervention while retaining only
partial information about how the new links comove with existing ones. This subsec-
tion studies network expansion within the same robust framework. The DM continues
to evaluate interventions using the max—min objective (1) and row-wise uncertainty,
but the information available about within-row covariances expands only partially
when a new node arrives. We show that the tractability of the baseline model carries
over and that worst-case dependence can still be characterized in closed form given

the available moments.

Setup. Maintain the objective (1) and the row-wise ambiguity structure from Sub-
section 2.2. The agent set expands from N = {1,...,n} to N' = NU{n+1}. The DM
observes the new link-wise moments involving the entrant but has only partial infor-
mation about within-row covariances that involve n + 1. Formally, for each receiver
i € N', Nature chooses a covariance matrix over the incoming shocks to i subject to (i)
positive semi-definiteness and (ii) the moment information available to the DM. The
benchmark fixed-network case corresponds to knowing only the diagonal (variances)
and leaving all within-row covariances free; network expansion introduces additional
linear restrictions for receivers ¢ € N coming from the DM’s prior information about
the pre-expansion network.

The key difference from Subsection 3.1 is therefore informational: for some re-
ceivers ¢ € N, the uncertainty set for the extended covariance matrix is a restricted
subset of the elliptope determined by the known principal submatrix for the pre-
expansion agents. The new receiver n + 1 remains in the baseline case with unre-
stricted within-row dependence, so Nature’s worst-case choice for ¢ = n + 1 continues
to exhibit the rank-1 structure from Theorem 1.

To model the DM’s partial information, we introduce the following notation. Let
B, € PSD" for 1 < i < n represent the covariance matrix among the existing n agents,
and let B; € PSD™"! for 1 < i < n + 1 denote the covariance matrix of all n + 1
agents. Since we are modeling the DM’s partial information, we require that for each
agent i = 1,...,n+1, B; is the n x n principal submatrix of B;, obtained by selecting

the first n rows and columns of B;. On the other hand, let b; = >0

(Ei) (n+1) (n+1)
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represent the variance of the link G4y for i = 1,...,n + 1. Given B € PSD"
and b > 0, we define Bgi? as the set of all extended matrices of B with its last
(n+1,n + 1) entry fixed as b, forming a new uncertainty set. Specifically, we define

Bgi? = EBJ, NPSD"™, where BB,() is defined as

BBJ):{EER(”H)X("H) | B is symmetric, Eij =B,; for all 1 gi,jgn,ﬁ(nﬂ)(nm =b}.

We denote by X € R""! the intervention of the DM.

Row-wise uncertainty sets under expansion. The DM’s pre-expansion informa-
tion pins down the n x n principal submatrix of B; to be B;, while the covariances
involving the entrant are left free subject to positive semi-definiteness and the known
variance b; of the entrant link. Accordingly, Nature’s feasible set for receiver i € N is
By,

For the entrant receiver n + 1, we maintain the baseline moment-information
structure: the DM knows the marginal variances of the incoming links but has no ad-
ditional information about within-row covariances. Let B,,.1 denote the corresponding
uncertainty set defined as in Subsection 2.2 (with dimension n + 1).

Given an intervention X € R*™!, Nature’s inner problem under expansion decom-

poses across receivers as in the baseline model:
1 _ = _ — _ —PSD . =
max Z §(x, BX) st. B;€Bg, forie N, B,y € B,

Proposition 4 establishes the uniqueness of Nature’s best response with respect to

the DM’s intervention X, that is, the uniqueness of the worst-case scenario.!?

Proposition 4 Fixz i € N and suppose B; € PD". If X has no zero entry, then the
14

mazimizer of (X, B;X) over B; € Bgfz_ is unique.
Interpretation for faculty recruitment: Under network expansion, the new hire
n + 1 represents a source of unconstrained, rank-1 ambiguity. Nature can perfectly

align the new agent’s uncertain collaborative shocks to inflict maximum variance.

13For expositional simplicity, we assume here that the DM possesses no knowledge of the new
agent n + 1’s interaction with the existing n agents. As such, Proposition 4 is a special case of
Proposition A3, in which the DM is allowed to have “partial” knowledge of the new agent n + 1’s
interaction with the existing n agents. See Appendix C for more details.

14To build intuition for this result, Online Appendix OA.1 provides a geometric illustration of
a two-agent network expanding to include a single entrant. We demonstrate how the DM’s partial
correlation constraints generate strictly convex uncertainty sets that uniquely determine Nature’s
worst-case response.
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Conversely, Nature is “handcuffed” by the known collaboration history among ex-
isting faculty. Consequently, a robust administrator facing high structural ambiguity
will naturally tilt research funding X heavily toward the established members, act-
ing cautiously toward the new hire until their collaborative covariances are revealed

through actual interaction.

4 Comparative Statics

4.1 The Value of Robust Intervention

We now define the value of robust intervention. As a benchmark, we consider the
standard approach in the network intervention literature (e.g., Galeotti et al., 2020),
which optimizes against the expected network structure. We refer to this as the naive
intervention, denoted x”. This DM relies solely on the first moments of the network,
minimizing the objective function while treating the network as if it were deterministic

at its mean. Formally, xV solves:

xV = arg min % ((x, Mx) + (x,Cx)) — (¥° + 1, x).

x€ER™
This corresponds to setting v;; = 0 for all 2,7 € N in the robust problem, so that

B = 0 and all variance is ignored entirely. The unique solution is:

xN = (M+C)' (¥ + ). (12)
The robust intervention, by contrast, accounts for the worst-case dependence structure
and satisfies x* = (M+B*+C) (¢ +1)). Since B* = 0, we have M+B*+C = M+C,
which implies (/0 + )T (x" — x*) > 0, so the robust DM intervenes less aggressively
than the naive DM in the direction of 1° + 1.

N

Given xV, Nature’s worst-case response to the naive intervention is BY =

> di(xY) @ qi(xY), where q;(xV) = (s(z})vy;)_; as in the main theorem. Again,
each row-wise component is rank-1 and aligned with the sign pattern of xV, so BY¥
is Nature’s adversarial row-wise rank-1 response to the naive DM. We define two
measures of the value of robust intervention.

The ez-ante value of robust intervention compares the minimax guarantees, each

evaluated against Nature’s worst-case response:
V= f(XNJBN> _f(X*aB*) (13)

This value also represents the ez-ante cost of uncertainty: it measures the total loss
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suffered by the naive DM relative to the robust DM when Nature is allowed to fully
exploit the lack of precaution. Since x* minimizes maxgep f(x, B) by construction,
Y > 0.

The ex-post value of robust intervention measures the realized benefit of the robust
strategy relative to the naive one, given the worst-case network B* that the robust

DM guarded against:

V' = f(x",BY) - f(x*,BY). (14)
Similarly, V' characterizes the ez-post cost (or regret) of uncertainty: the loss from
ignoring uncertainty, conditional on the worst-case network B* being realized. It
measures how much worse the naive allocation x" performs than the robust allocation

x* on this network. Since x* minimizes f(-, B*) by its first-order condition, V' > 0.

The following proposition characterizes and relates both measures.

Proposition 5 Assume Properties A and B. Then, the values are

1
V= 5<xN—x*, (M + B* + C)(x" — x*)) >0, (15)
V= N BYXY) - Y B 2 V. (16)

Both equal zero if and only if vi; = 0 for all i,j € N. Moreover, if x¥ and x* lie in
the same orthant so that BN = B* = B, then V = 1 (x", B(x" — x")).

The ordering V > V' > 0 reflects the difference in what Nature is allowed to do. In
V), Nature re-optimizes against xV, choosing BY to maximally exploit the naive DM’s
strategy. In V', Nature is held fixed at B*, which was designed to exploit x*, not x™.
The gap V — V' = L(x", (BN —=B*)x") > 0 is Nature’s strategic re-optimization gain
against the naive DM: it captures the additional harm Nature can inflict by adjusting
its worst-case scenario from B* to BY.

The ex-post regret V' has an economic interpretation: it is the weighted squared
distance between the naive and robust interventions, with weight matrix M +B*+ C.
Since (M + C)(x — x*) = B*x* from the two first-order conditions, the distance
xN —x* is entirely driven by the worst-case uncertainty B*x*. Thus ' becomes large
when the robust DM makes a substantially different allocation from the naive DM,
which occurs when uncertainty is high and the rank-1 correction B* is large.

We now analyze how the benefits of robustness evolve as network uncertainty
increases. We define the marginal value of robust intervention as the increase in the

value of the robust strategy resulting from a marginal increase in the variance v;;
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of link (4, 7). Because this marginal value represents the performance loss avoided by
the robust DM relative to the naive one, it also characterizes the marginal cost of
uncertainty. Formally, the ex-ante and ex-post marginal values are given by - and
gy respectively. The following proposition characterizes both measures, estabhshlng

their general relationship and their common value under a regularity condition.

Proposition 6 Assume Properties A and B. Then, the ex-ante and ex-post marginal

values of robust intervention are given by

68‘}} = (Z Vzl|va|>|$;v| - (szl|x7|>|x;k|7 (17)
" IEN IEN
g\l’; (ZS x] )V ) j <Zvll]xl|>|x |. (18)

leN

The ex-ante marginal value is weakly greater than the ex-post marginal value as

ay oV
- = 2|z § valzN| > 0. (19)
8Vij 8V1-j leN
s(a])s(zp)£s(@N)s(x?)

Moreover, if XN and x* lie in the same orthant, then BY = B* and the two marginal

values coincide as

v oV
‘9‘2;‘ - 33; <ZV”’$5V|>|SUN’ = (X valail ) sl (20)

leN

Several implications follow from Proposition 6. First, the ex-ante marginal value
of robust intervention (2% B ) depends only on the absolute intervention levels |z{¥| and
|z}], not on their signs. ThlS is because V compares each DM against their own worst-
case Nature, which naturally aligns with the respective sign pattern of their interven-
tion. In this sense, the marginal ex-ante cost of uncertainty is strictly determined by
the absolute magnitude of the naive DM’s over-exposure. Since it maximizes mean
influence, the naive DM allocates excessive resources to highly connected network
channels (i.e., |z¥|). The robust DM accounts for the fact that Nature concentrates
correlation risk on these same channels and scales back the corresponding allocations
(i.e., |z]).

In contrast, the ex-post marginal value (STV;J_) depends on s(z})z, which is the
naive intervention projected onto the sign pattern of the robust intervention. When
x¥ and x* share the same sign for component [, this term equals |z7'|; however,

when their directions differ, it equals —|z}|, which strictly reduces the marginal
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value. Consequently, can be negative. Economically, this means the marginal ez-
post regret (or the reahzed marginal cost) may actually decrease as uncertainty v;;
rises. This occurs because the realized worst-case network B* is fundamentally less
adversarial against the naive DM when x"V and x* point in different directions.

( L >0 captures Nature’s additional strategic flexibility when

Second, the gap
the two interventions do not perfectly align in direction. This gap equals zero whenever
x™ and x* share the same sign pattern across all components [ (which holds, in par-
ticular, when they lie in the same orthant). However, when the directional alignment
{s(x1Y)s(x}) }ien is non-uniform, the gap is strictly positive. Increasing v;; widens the
difference between the ex-ante and ex-post marginal values of robust intervention,
because Nature’s ability to re-optimize from B* to BY is amplified by components
where the naive and robust DMs disagree on the direction of intervention.

Third, when x" and x* lie in the same orthant, the ex-ante and ex-post marginal
values of robust intervention coincide and admit a transparent decomposition: the
term (37, va|x'|)|x}’| represents the marginal worst-case exposure of the naive DM
along link (i, j), while (3, vy|z}|)|x}| represents the corresponding exposure of the ro-
bust DM. The difference between these two exposures perfectly isolates the marginal
cost of uncertainty, demonstrating that it is driven entirely by the naive DM’s relative
over-exposure. This same-orthant condition arises naturally in many economic envi-
ronments, including all four network applications analyzed in Subsection 3.2, where

the interventions x" and x* are strictly positive.

4.2 Applications: Revisited

d-regular network. In the d-regular network, the symmetric Structure yields closed-

form expressions for both the naive and robust interventions, z% = d2 7 > v (d) =

dm_ - where 0 = m? 4+ v? > m?. Because m > 0, both interventions are strictly

d2Q+-c’
positive and lie in the same orthant, so BY = B* by Proposition 6. Furthermore,

|zN| > |z7| holds component-wise. Consequently, f(x,BY) = f(x¥,B*)and V = V"
the ex-ante and ex-post values of robust intervention coincide, and Nature has no
additional strategic flexibility against the naive planner. As such, the ex-ante and ex-
post marginal values for any link (4, ) perfectly coincide, isolating the marginal cost
of uncertainty as the precise gap between naive over-exposure and robust mitigation:

ay oV N2 a2
vy vy = dv ((zV)* = (z%)?) > 0.

23



Figure 4 plots the two worst-case objectives as functions of the uncertainty level
v. Three features are notable. First, at v = 0, the objectives coincide and ¥V =V’ = 0:
without uncertainty, the naive and robust planners are identical. Second, f(x*, B*)
increases monotonically in v: the robust planner’s guaranteed performance deteri-
orates as uncertainty grows. Third, f(x",B") increases much more steeply in v
and crosses zero at v = \/m: beyond this threshold, the naive planner’s
worst-case scenario turns into outright value destruction. The gap between the two
objectives (V) therefore widens rapidly, demonstrating that the ex-ante value of ro-
bust intervention—and consequently the economic cost of uncertainty—is most pro-

nounced in highly volatile environments.

5} - N N 4
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g —  J(x",B) 4
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Figure 4: Worst-case objective values for the d-regular network.

Notes: m =1, ¢ =1, n = 10, d = 4. The shaded region represents ¥V = V', and the naive planner’s
worst-case performance crosses into value destruction at v = y/m? + ¢/d? = 1.03.

CP network. In the core-periphery network C'P, ;, we distinguish two types of link
uncertainty: vy for core-to-core (C-C) links and v, for core-to-periphery (C-P) links.
Figure 5 plots the worst-case objectives f(x*, B*) and f(x",B") as functions of v,
(left panel, fixing vy = 0) and vy (right panel, fixing v; = 0). Similar to the d-regular
case, both interventions lie in the same orthant and |z¥| > |z;| holds component-
wise. This ensures that the ex-ante and ex-post values of robust intervention perfectly
coincide (V = V'), allowing the gap between the two objectives to visually capture
the exact cost of uncertainty, driven entirely by the penalty of naive over-exposure.
The two panels reveal a fundamental asymmetry between C-C and C-P uncer-
tainty: increasing ve generates a substantially larger gap (V) than increasing vy by
the same amount. To see why, recall from Proposition 6 that the marginal value of

robust intervention for link (4, j) is (37, valz|)|z}| — (32, valzi])|«}], which depends
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Figure 5: Worst-case objective values for the core-periphery network.

Notes: CPyp3 (m =1, ¢ = 1). The shaded regions represent V = V’. C-P uncertainty generates a
substantially larger cost of uncertainty than C-C uncertainty for the same variance level.

strictly on the row-i exposure ), vy|z;|. A core agent’s row aggregates over both
blocks—wvy (k — 1)|z.| + vo(n — k)|x,|—while a periphery agent’s row aggregates over
the core only—uvsk|z.|. Hence, v; enters only the core row’s exposure and governs the
k(k — 1) C-C links, whereas v, enters both row types and governs the 2k(n — k) C-P
links. Because each C-P link spans the boundary between the two blocks, its variance
propagates Nature’s uncertainty through both core and periphery receivers simul-
taneously, while a C-C link’s variance is confined to the core block. Consequently,
cross-block links disproportionately amplify the naive planner’s over-exposure, driv-
ing a much steeper marginal cost of uncertainty.

This asymmetry reflects a general principle embedded in Proposition 6: links that
connect agents across distinct blocks generate a strictly larger marginal value of ro-
bust intervention, because Nature can simultaneously correlate their variance across
a broader set of receivers. In the core-periphery architecture, C-P links act as the
systemic conduit between the two segments, making their uncertainty the dominant
source of the overall value of robustness. This finding yields a direct policy impli-
cation: a regulator facing limited capacity to measure network uncertainty should
prioritize estimating the variance of cross-block links over within-block links, as the
former contribute disproportionately to the naive planner’s over-exposure and the

resulting economic cost of uncertainty.

Directed bipartite network. In the directed bipartite network, we distinguish two
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sources of uncertainty: v for upstream-to-downstream links and vp for the downstream
self-loops. The naive intervention x" = (zf},2¥)T is obtained by setting v = vp = 0
in system (11). Since m, u > 0, both interventions lie in the same orthant, ensuring
that the ex-ante and ex-post values of robust intervention perfectly coincide (V =
V'). Unlike the uniform shrinking seen in the previous symmetric models, the robust
planner in a bipartite network may substitute allocations across channels rather than
uniformly reducing them. However, the robust planner guarantees that the overall
row-wise exposure » _, v;y|z;| remains strictly smaller under x*. As a result, the ex-
ante and ex-post marginal values coincide and remain strictly positive, capturing the
exact marginal cost of the naive planner’s over-exposure. With respect to v and vp,

these marginal values are:!?

W = kR [)? — @] + (0 Rk [ —apa), (o)
% =(n—k)kv [m{}[mg - JC*UIE] + (n—k)up [(Ig)2 - (fi))Q] (22)

These marginal values admit a transparent decomposition into two distinct channels:
(i) a direct channel that scales the squared intervention gap for the agents whose
links carry the specific variance, and (ii) a cross channel that captures the covariance
between the upstream and downstream intervention gaps, weighted by the comple-
mentary variance parameter. When vp = 0 or v = 0, the cross channel vanishes and
the marginal value reduces strictly to the direct channel. In these regimes, the equa-
tions cleanly isolate the independent marginal cost of uncertainty, demonstrating how
the naive planner’s over-exposure is penalized within a single segment of the supply

chain before cross-channel effects compound the damage.
(z0)?—(a7)?
(z)?=(2})?

1, reflecting two structural forces: k? upstream links per downstream agent versus

The ratio of the direct marginal values at equal variance v = vp is k? >
only one self-loop, and a fundamentally larger naive over-exposure in the upstream
direction when the network multiplier km is large. Because both forces scale with
k, upstream link variance disproportionately amplifies the marginal cost of uncer-

tainty. Consequently, a regulator facing limited measurement capacity should strictly

5By Proposition 6, g—\j = Y deD Qe %. For each downstream agent d, the row-d exposure
is Y, vai|lzi| = kv - |zy| +vp - |zp], so
%

v, = (kv:z:f}f +vp Ig) asg — (kvay +vp xp) 7,
u

using same-orthant positivity. Summing over (n — k) x k such links yields the expression of %—L}. The
derivation of % is analogous, with the sum running over the n — k self-loops.
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prioritize estimating upstream variance over downstream self-loops.

Figure 6 illustrates these two regimes (n = 8, k=3, m =pu=1,¢=1). In
both panels, the worst-case objectives deteriorate as uncertainty increases. Specifi-
cally, f(x",B*) climbs toward zero and beyond, while f(x*, B*) increases much more
slowly, causing the values of robust intervention (V = V') to steadily widen. The
critical contrast is the rate: in the left panel (upstream uncertainty), f(xV, B*) in-
creases steeply and crosses zero, resulting in outright value destruction for the naive
planner. In the right panel (downstream uncertainty), the objective is nearly flat,
visually demonstrating that the economic cost of uncertainty in this architecture is

overwhelmingly driven by the upstream supply channels.
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Figure 6: Worst-case objective values for the directed bipartite network.

Notes: n =8, k=3, m =pu =1, c= 1. The shaded regions represent V = V’. Upstream uncertainty
generates a substantially larger cost than downstream uncertainty. The inset magnifies vp € [1.5,2.5]
to show that a small gap still emerges downstream.

5 Conclusion

This paper develops a framework for robust intervention in networks where the deci-
sion maker faces structural uncertainty about how agents interact. By modeling this
environment as a zero-sum game between the DM and an adversarial Nature, we show
that worst-case correlation risk exhibits a row-wise rank-1 structure. This reduces the
ambiguity over the network’s joint distribution to a fixed-point problem driven by the

sign pattern of the intervention.
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Across varied economic environments, our findings collectively highlight a fun-
damental shift required for optimal network policy. Standard deterministic models
advocate targeting high-influence agents to maximize systemic leverage. However, we
demonstrate that this naive approach creates a severe over-exposure to correlation
risk. Whether a health authority is managing pandemic contacts, a central bank is in-
jecting liquidity, or a government is subsidizing supply chains, a robust planner must
often temper uniform interventions and actively support peripheral agents to hedge
against the vulnerabilities introduced by highly connected nodes. Furthermore, we
show that the resulting economic cost of uncertainty is disproportionately driven by
cross-block and upstream links, which act as systemic conduits for Nature’s worst-case
dependence.

Ultimately, effective network interventions must explicitly balance the mean in-
fluence of an action against the correlation risk it exposes the system to. Future work
could expand this framework to dynamic settings where network structures evolve
endogenously over time. Additionally, extending our approach to the graphon frame-
work (Parise and Ozdaglar, 2023) would allow for the robust analysis of continuous,
large-scale networks, offering a powerful tool for policy design under deep structural

uncertainty.
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A Decomposition

We here provide the decomposition of the DM’s objective in (1) into mean, uncer-
tainty, and target-alignment components, and collects omitted algebraic derivations
used in the main text. Let E;[G;] = my; and Varg(G;) = vj; for all 4,5 € N.
For each pair of agents ¢ and j, let U;; = G;; — m;; denote the deviation of the
influence from its mean. By construction, E,[U;] = 0 and Var,(U;;) = v;; for all
i,j € N. Let m; = E;[G]] € R" be the vector of mean influences toward agent i.
Define U, = G;r —m,; € R™ as the vector of deviations of these influences. Then the

expected squared deviation between the outcome for agent ¢ and its target z; is
E, [|Gix — z|*] = Z Z z;(mymy, + E-[U;Ugl) 2y — 22 Z myz; + 27
j=1 k=1 =1
= (x, Mix) + (x, B;x) — 2(¢;, x) + 22, (A.1)
where M; = m; ® m;, B; = E,[U;U]] € PSD" is the covariance matrix of deviations
toward ¢, and ¥; = z;m;. Summing expression (A.1) over ¢ yields
E-[|Gx — 2[’] = (x, Mx) + (x, Bx) — 2(¢,x) + [|||*, (A.2)
where M =5>"" M;, B=5" B and ¢ =" ;.
Expression (A.2) decomposes the effect of changing x into three channels: a
mean influence component (x, Mx), an uncertainty component (x, Bx), and a target-

alignment component —2(¢, x). In the main text, we combine this with the interven-

tion cost [|C2 (x — x°)||2 to obtain a quadratic representation of the DM’s problem.

B Characterization of Property B

We here present an equivalent characterization of Property B in terms of the model
primitives and the uncertainty set B, alongside simple sufficient conditions. Recall that
YP? = Cx" and ¢ = > | zm,. For any x € R", we define the support function of B
evaluated at xx" as g(x) = maxpes 3 (X, Bx). Note that g is convex and differentiable
on the open set R, which consists of all vectors with strictly non-zero entries:
Rl ={x=(21,...,2,) €ER" |z; #0foralli =1,...,n}.
Let R be defined as the image of R! under the gradient mapping:
R={M+C)x+ Vy(x) |x e R}}.
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This construction ensures that R is an open set in R™.

Proposition A1l (Equivalent formulation of Property B) Assume Property A.
Let x* denote the unique solution to the robust problem (1). Then, Property B holds
if and only if Y° + 1 € R.

Proof. As shown in Appendix A, omitting constant terms, the robust problem can

be restated as:

. [1
min { 5 (M -+ Cx) = (04 030 + 9.

Under Property A, M > 0. This guarantees that the objective function is strictly
convex and that x* is its unique minimizer. The first-order optimality condition for

this convex program requires:
0€ M+ C)x"— (¢°+¢) + dg(x"),
which can be rewritten as ¢° + ¢ € (M + C)x* + dg(x*), where dg(x) denotes

the subdifferential of g at x. Because x* is uniquely determined by this optimality
condition, and given the definition of R, the proposition immediately follows. m
Another way to express the equivalent formulation in the proposition is ¢ € R—1°,

which can be equivalently written in terms of the target vector z:
z€ Z=E[G] ' (R—¢") = {E;[GT] " (M+ C)x+ Vg(x) — Cx°) | x e R}

Thus, Property B holds whenever the DM’s target z lies in the open set Z.
To illustrate the genericity of this condition, we observe that the set Z effectively
expands to cover the entire space R" as the deterministic influence and cost matrix

M + C increasingly dominates the uncertainty set B.

Proposition A2 (Genericity) Let A > 0 denote the minimum eigenvalue of M+C.
Given any bounded set () C R™, there exists a constant C' > 0 such that

Leb(Q\ 2) < C/A
where Leb denotes the Lebesgue measure. In particular, Leb(Q \ Z) — 0 as A — oo.
Proof. Let ® : R™ — 2%" be the set-valued mapping defined by ®(x) = (M + C)x +
09(x). Let Zpouna = R™ \ R? = |J, H; be the union of the n coordinate hyperplanes

H; = {x € R" | z; = 0}. The complement of the open set R is exactly the image
of this boundary under ®, meaning R" \ R = ®(Zpouna). We are interested in the
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measure of the target vectors z € () \ Z. Recall the linear transformation linking v
toz: z=L(Y) =E;[G"]7'. Let o =9+, and recall z ¢ Z < ¢ ¢ R.

Since z € Q and Q is bounded, the set of ¢ = L™!(z) is also bounded, and thus
lell < 1)l + 190 < C for some C' > 0. For any target vector that fails Property B,
we have ¢ ¢ R, which means ¢ € ®(Zpouna). Thus, there exists X € Zyouna such that
¢ € ®(x), meaning ¢ = (M + C)x + Bx for some B € dg(x) C B. Because B > 0,
the minimum eigenvalue of M + C + B is at least A. Consequently:

Alx[* < (x, (M + C + B)x) = (x, ) < [x[[llo]l < Clx]l.

This provides an upper bound on the norm of the intervention vector: ||x|| < C/\.

AS Zyouna = U; Hi, we bound the volume of ®(H,; N {x | ||x]| < C/A}). The map-
ping ® sends x — y 4+ u, where y = (M + C)x lies in a fixed (n — 1)-dimensional sub-
space V;, and u = Bx. Since ||u]| < ||B||max||X]| < C1(C/A), where C} = maxpes || B||
is finite, the set of all such ¢ is contained within a cylinder around the subspace
Vi with an orthogonal radius bounded by O(1/A). Since ||¢|| is bounded by C|, this
truncated cylinder has a bounded volume that scales proportionally to its radius,
yielding an n-dimensional Lebesgue measure of O(1/)). Summing this volume bound
over all n hyperplanes yields Leb({¢ ¢ R | ||¢|| < C}) = O(1/A), which in turn yields
Leb({tp ¢ R —4° | ||| < C}) = O(1/]). Finally, the linear relationship z = L(1))
gives Leb(Q \ Z) < |det(L)| - O(1/A). m

T2 T2 Property B:

T z€Z

xrq T
{x has a zero entry}o

Figure 7: The region @ \ Z is shown as the union of the red and blue areas (in the
simple case M + C = Ald and x° = 0). As A — oo, the region Q \ Z shrinks.

C Proofs

Proof of Theorem 1. We prove the three parts sequentially as follows.
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Part (a). Recall f(x,B) from expression (3) in the main text:

FB) = (e (M +C)x) + x. Bx) — 20 + .)).

2

Under Property A, M is positive definite, so for every B € B the function x — f(x,B)
is strictly convex and coercive. For every x € R", the function B — f(x, B) is linear.
The set B is convex and compact, and R™ is convex. Thus, by Sion’s minimax theorem,
the minimax equality (4) in the theorem holds, and so there exists a saddle point
(x*, B*) such that f(x*,B) < f(x*,B*) < f(x,B*) for all x € R" and B € B.

At a saddle point, x* minimizes x — f(x, B*). Differentiating in x yields (M +
B* + C)x* = 9" + ¢, which is (5) in the theorem. Uniqueness of x* follows because
x — maxgep f(x, B) is strictly convex: it is a pointwise maximum of strictly convex

functions in x, and strict convexity is inherited because the quadratic term 3 (x Mx)

is strictly convex. Therefore, Part (a) is proven.

Part (b). Fix x € R" and i € N. Nature’s row-wise problem is to maximize (x, B;x)
over B; € B;, and these problems are independent across i. Let D; = diag(vi1, ..., Vin)
and write y = D;x, so y; = v;;x;. Any B; € B; can be written as B; = D;R;D; for
some correlation matrix R; > 0 with (R;);; = 1 for all j. Then (x, B;x) = (y,R;y).

Using |(R. )Jk| < 1 and symmetry, we have

Zyj +2 Z i) jkYiYk < Z?/g +2 Z Yy = (Z:|yj|>2
=1

1<j<k<n 1<j<k<n
If x has no zero entries, then y; # 0 for all j and equality holds if and only if (R;);, =
s(y;)s(yx) for all j, k, which forces R; = s(y) ®s(y), where s(y) = (s(v1),...,5(yn))".

Therefore, the unique maximizer is

Bigr(x) = D;(s(y) ®s(y))D; = qi(x) ® qi(x),
where q;(x) is defined in (6) and we used s(y;) = s(v;;z;) = s(x;) because v;; > 0.
This proves the rank-1 form and uniqueness of the row-wise best response when x
has no zero entries. Aggregating over i yields (7) in the theorem.

If x has a zero entry, then some y; = 0 and the sign restriction on (R;); is not
pinned down for pairs involving 7, so the maximizer need not be unique; any R;
satisfying (R;)jx = s(vy;)s(yx) whenever y,y;, # 0 attains the same value.

For part (b), Property B guarantees that x* has no zero entries, so the row-wise

best-response formula applies at x = x*. Combined with the saddle-point property,
B* = Bgr(x*) = Y i, qi(x*) ® q;(x*). Substituting into (5) yields (8).
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Part (c). Part (c) follows from the uniqueness statement in the above rank-1 prop-
erty: under Property B, x* has no zero entries, so Bgr(x*) is unique. Therefore, the

worst-case scenario B* is unique. m

Proof of Proposition 1. Consider a d-regular network G4 with n agents, uniform
mean link weight m > 0, and uniform variance v? > 0. We restrict attention to a
symmetric intervention x = x1,, a uniform target z; = 1 for all ¢, and a scalar cost
¢ > 0. We also assume x° = 0 and C = cI. We derive each term step by step as

follows.

Step 1: Mean influence term. For each agent 7, the mean influence vector m; € R"
has entries m;; = m for all j in i’s neighborhood N; (with | V;| = d) and zero otherwise.

Thus, mx = dmaz for all i. Since M = Y7 m; ® m;,
x'Mx = Z(miTx)2 = n(dmz)* = nd*m?*2*.
i—1

Step 2: Worst-case uncertainty term. By Theorem 1-(b), Nature’s worst-case
row covariance is B} = q;(x) ® q;(x), where q;(x) = (s(z1)vi1, ..., s(x,)vin)". Under
a symmetric positive intervention x = z1,, with = > 0, all signs are positive. Since
vij = v for j € N; and v;; = 0 otherwise, we have g;(x)"x = ZjeNi v-x = dvx.

Consequently,

x'B*x = Z(qi(x)Tx)2 = n(dvr)? = nd*v?2>.

=1

Step 3: Intervention cost term. The cost of deviating from x° = 0 is %HC%(X -

x| = x| = a2

Step 4: Target-alignment term. The leverage vectoris ¢y = Y " | zm; =Y . | m;.
Since each agent j appears in exactly d neighborhoods, 1; = dm for all j. Hence,

(1, x) = dm - nx = ndmzx.

Combining Steps 1-4 and defining 2 = m?+v?, the DM’s robust objective becomes

1

5 <nd2m2x2 + nd*v%z? + cnx2> —ndmx = g(dzﬁ + c) 22 — ndmz,

which is expression (9). The first-order condition yields n(d*Q2 + ¢)x = ndm, which
implies that x*(d) = dQ(mg—_TUQHC.
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We now present the inverted-U shape of the optimal intervention z*(d). Treating
x*(d) as a function of the continuous variable d > 0, it follows that
oz*  m(c— d*Q)
od (d*Q + )%

Setting the numerator to zero gives d* = /§ =

2%

intervention intensity x*(d) is maximized at d*, confirming the inverted-U shape. m

c .
m . Slnce

Proof of Proposition 2. Consider the core-periphery network C'P, ; with k core
agents and n — k periphery agents, uniform mean influence m > 0, uniform variance
v? >0, target z = 1, cost C = cI, and reference x° = 0. We use the block-symmetric

intervention x = (x.1], 2,1} ,)T. We derive each term step by step as follows.

Step 1: Mean influence term. The mean adjacency matrix G has Gij = m when-
ever agents 7 and j are linked and zero otherwise. In addition, since G is symmetric,
M =G'G = G". For each core agent ¢ < k, 7 is linked to k — 1 other core agents and
n— k periphery agents. Hence, it follows that y. = (Gx); = m[(k— 1)z, + (n — k)xz,).
On the contrary, for each periphery agent ¢ > k, agent ¢ is linked only to the k core
agents, which implies that y, = (Gx); = m(kz.). Consequently, we have

x"Mx = [|Gx||* = k-y> + (n = k) -y
= m2[k((k — Dae+ (n — k)z,)” + (n — k) (kz)?].

Step 2: Worst-case uncertainty term. By Theorem 1-(b), we obtain x'B*x =
> i1 (X e, Vijlr;])?. Under uniform v and a positive intervention (guess and verify),

this takes the same block form as Step 1 with v replacing m:

X" B*x = V2 [k((k = Ve + (n — k)z,)* + (n — k) (kz.)?].

Step 3: Combined quadratic and cost. Defining Q = m? + v? and combining
Step 1 and Step 2, we have
XT(M + B)x = Q[k((k = Ve + (n — k)z,)* + (n — k) (kz,)?].
Similarly, the intervention cost is £(kz2 + (n — k)z3).
Step 4: Target-alignment term. For core agent j < k: agent j appears in the
neighborhood of all other k — 1 core agents and all n — &k periphery agents, so ¢; =
(k—1+n—Fk)m =m(n—1) =: .. For periphery agent j > k: agent j appears only
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in the neighborhoods of the £k core agents, so 1; = km =: 1,,. Hence,
(P, x) = kpex. + (n — k)ppr, = km(n — D)z + (n — k)mkz,.

We now characterize the optimal intervention. Differentiating the full objective
with respect to z. and dividing by k, using (k — 1)* + k(n — k) = (n — 2)k + 1, it
follows that

[Q((n—2)k+1) + c|z. + Qk — 1)(n — k)z, = m(n — 1).
Differentiating with respect to z, and dividing by (n — k) yields
Qk(k — 1)z, + [Qk(n — k) + c]z, = mk.

matrix form:
Qn—2)k+1)+c QUk—1)(n—k)
Qk(k —1) Qk(n — k) +c

By combining the above two equations, we have the following characterization in

T, n—1
=m i
Tp k
=:A

The coefficient matrix A has positive diagonal entries. Its determinant is

det(A) = [Q(n —2)k + 1) + ] [QUk(n — k) + ¢] — Qk(k — 1)*(n — k)

=+ Q(n—2)k+1+k(n—k)] +Qkn—k)[(n—2)k+1—(k-1)].
We compute (n—2)k+1—(k—1)? = k(n—k), so the last term equals Q?k*(n—k)? > 0.
Hence, its determinant is strictly positive. Consequently, by Cramer’s rule, we obtain

. m[Qk(n—k)*+c(n—1)] . mk[Qn—k)+ ]
T, = >0, z,=
det(A) i det(A)

where the numerator for z follows from (n — 1) — (k — 1) = n — k, and that for z;

from (n —2)k +1— (n—1)(k — 1) = n — k. This verifies the initial sign guess. m

/

> 0,

Proof of Proposition 3. Consider the directed bipartite network with k upstream
agents U = {1,...,k} and n — k downstream agents D = {k + 1,...,n}. Each
upstream agent j € U influences each downstream agent ¢ € D with mean m > 0
and variance v? > 0. Each downstream agent i has a self-loop with mean p > 0 and
variance v% > 0. Influence flows only from U to D. The target is z; = 1 for : € D and
2 = 0 for i € U, with cost C = cI and reference x° = 0. We use the block intervention

T

x = (zy1],2p1] )T, so Property A holds for the reduced mean-influence matrix.

Step 1: Mean influence structure. For upstream agents ¢ € U, since no influence
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flows to upstream, m; = 0, hence M; = 0. For downstream agent i € D: m; € R"
has entries m;; = m for j € U, m;; = p (self-loop), and m;; = 0 for j € D\ {i}. Thus,
m,;x = kmay + pxp for alli € D,

and x'Mx = >, ,(m/x)? = (n — k)(kmay + pap)?.

Step 2: Worst-case uncertainty. For upstream agents ¢ € U, v;; = 0 for all j, so
B; = 0. For downstream agent ¢ € D, the variance profile has v;; = v for j € U,
v;; = vp (self-loop), and v;; = 0 for j € D\ {i}. Under a positive intervention (guess
and verify), by Theorem 1-(b), we have q;(x)"x = kv - 2y +vp - xp for all i € D.

Hence, it follows that

x'B*x = Z(k‘va +vprp)? = (n — k) (kvry +vprp)?.
ieD
Step 3: Expansion. Combining Steps 1 and 2 and expanding, we obtain
x' (M + B*)x = (n — k) [(kmzy + pxp)® + (kvzy + vpap)?]
=(n—k) [kQQ r? 4 2kQup rurp + Qp xQD],

where 0 = m? + v, Qup = mu + vvp, and Qp = p? + v%,.

Step 4: Target-alignment and cost. Since z; = 0 for ¢ € U, the leverage vector
satisfies ¥; = 3. zimy;. For j € U: ¢; = (n — k)m. For j € D: ¢; = p (from the
self-loop of the unique ¢ = j). Hence,

(1, x) = k(n — kymay + (n — k)pzp = (n — k) [kmazy + pap).
The cost term is §[kazf + (n — k)x3).

We observe that the full objective is
n—=k

[k’QQ 1‘12] + Qk?QUD Tyuxp

c
+ Qpah] + 5 (ka4 (n— k)] — (n— k) [kmay + pap],
which is expression (10) in the main text. Differentiating with respect to zy and zp
and rearranging yields the following linear system:

k*(n — k)Q + ke k(n —k)Qup Ty — (n—k) km
k(n—k)Qup  (n— k) + (= k)| [zp] wl|

J/

-~

=A
In order to verify positive definiteness of A, we apply Sylvester’s criterion. First,
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the (1,1) entry k*(n — k)Q+ ke = k[k(n — k)Q+ ¢] > 0. Second, for the determinant,
expanding and collecting terms yields
det(A) = [kK*(n — k)Q + ke [(n — k)Qp + (n — k)c] — k*(n — k)*Q7
= k(n — k;){k;(n — k) [QQp — Q2] + cfk(n — k)2 + Qp + ] }
Now QQp — Q= (m? +0?)(p? 4+ v3) — (mp + vup)? = (mup — vu)? > 0, and all
remaining terms are strictly positive. Therefore, we have det(A) > 0, so A is positive
definite. By Cramer’s rule,
k(n — k)*[mc + vp(mvp — pv)] k(n —k)[k(n — k)v(uv — mup) + puc
det(A) det(A) '
For ¢ sufficiently large (specifically, ¢ > |mvp — pv| - max{vp/m, k(n—k)v/u}), both

* *
Ty = » Tp =

xy; and x7, are strictly positive, verifying the sign guess.

Comparative statics. Write det A = k(n — k)D where D = k(n — k)A? + c[k(n —
k)Q + Qp + ¢] with A :== mvp — pw. Then,

. (n—k)mec+vpA] . pc—k(n— kA
— €T = .
U .D ? D D
When vp = 0, we have A = —pw, so zf; = (n — k)me/D and z}, = plc + k(n —
k)v?]/D. The ratio simplifies to j—U = %, which is strictly decreasing in v.
D

When v = 0, we have A = mup, so zj; = (n — k)m(c+v3%)/D and x%, = puc/D. The

ratio 18
ry (n—k:)m<1+ vD>7

*
D H
which is strictly increasing in vp.

Now suppose that both vp and v are strictly positive. Differentiating z7, with
respect to v at v = 0 gives
oz} (n — k)pvp [—D(0) + 2k(n — kym?*(c + v})]
o |, D(0)? '
The bracket is negative iff D(0) > 2k(n — k)m?(c + v%). Direct calculation yields

D(0) — 2k(n — kYm?(c 4+ v%) = [c — k(n — k)m?| (v + ¢) + ci?,

which is strictly positive whenever ¢ > k(n — k)m?. Similarly, differentiating x%, at

v =0 gives

oz k(n — k)mvp [—D(0) + 2u3c]
o |,_y D(0)? '
We have D(0) —2u?c = k(n —k)m?(v% +c) + c(c+v?% — u?), which is strictly positive
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whenever ¢ > 2.
Therefore, when vp > 0 and ¢ > max{k(n — k)m?, p?}, both dx};/0v|,—¢ < 0 and
07,/ 0v]y—p < 0. =

Proof of Proposition 4. We state and prove a generalized version.'® Recall that
PD™ and PSD" denote the sets of all n x n real symmetric positive definite and

positive semi-definite matrices.

Proposition A3 Let B € PD", I be a proper (possibly empty) subset of N =
{1,....,n}, b; € R for alli € I, and b,y > 0. Then, for any intervention X € R"™!
with T;Tp+1 # 0 for some j € {1,...,n} \ I, the problem

mazimize (X, BX) over {B € Bgi? | B =b; foralli € I} (C.1)

has a unique solution (unless the latter feasible set is empty).

For a given matrix B € R, let B € R™*D*(+1) denote a symmetric and
extended matrix of B having B as its principal submatrix. For each v = (v, ..., v,)T €
R™, let V = (Vi,...,V,, Vay1)! € R™™ denote the extended vector of v having v as
its subvector; that is, v, = vy for all 1 < k < n. By abusing notation, we denote v
by v = (vT,v,41)T. For a given matrix A, we let Null(A) denote the Null space of
A; that is, Null(A) = {x| Ax = 0}.

Let V be an affine subspace of R? that inherits the usual topology of R%; that
is, A C V is open in V if and only if there exists an open set A in R¢ such that
A= ANV. We say that a compact convex set A C V is strictly convex in V if A has
nonempty interior in V', and for any distinct x and x’ in A, %"/ is also contained in
the interior of A.

Given B € PSD" and b > 0, we define BB,b as the set of all extended matrices of

B having the (n + 1)-th row and (n + 1)-th column entry by b:
Bgy={B € R"™*H) | B is symmetric, B;; = By; for all 1 < 4,5 <1, Bi1ymi1) = b}
We define BE? = By, N PSD"*! and Bg]?b = Bg, N PD" .

Proposition A3 will be shown as a consequence of the following lemma.

Lemma A1l For any B € PD" and b > 0, the set

ngbD ={beR"|b; =B, foralli=1,...n for some B € Egi?} (C.2)

16Proposition 4 is clearly a special case of Proposition A3 with I = (). We shall prove Proposi-
tion A3.
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1s a strictly convex and compact subset of R™.

Proof. It is clear that Xg’sz is compact and convex. For B € PD" and b > 0, by
Sylvester’s criterion (Meyer, 2010), B € Bg is positive semi-definite if and only if
det(B) > 0. Moreover, B € By, is positive definite if and only if det(B) > 0. Thus,

Xy’ ={b €R"|b; =B, for all i € N for some B € Bg, with det(B) > 0},
and the interior of the set Ag’ 29D is given by
Xgh ={b € R"|b; =B, 4 for all i € N for some B € Bg, with det(B) > 0}
={beR"|b; =B, forali=1,..n for SomeBEBB’b},

which is nonempty because 0 € AEY. Let b',b? € XE5° with b' # b*. We need

to show % € Agh. For j = 1,2, let B’ ¢ EES;D such that b} = Einﬂ for all
=1 52

i = 1,..,n. Then, the claim 2 +b € A is equivalent to det(B B4B) > 0. By a

=1 52

J2rB ) — O ie B erB

is not positive definite, which is the case if and only if Null(B ) N Null(B ) # {0}.

For any z € Null(ﬁl) N Null(ﬁz) with z # 0, we claim that z,.; = 0. To prove

this, suppose Zns1 # 0 and B'Z = 0 for j = 1,2. Since B’z = ZH szk, where

B;, denotes the kth column of B, the equation 7] Z,B) = 0 € R™*! in particular

yields, by ignoring the last (n + 1)th row, Y ;_ ZyBy + Z,41b/ =0 € R, j = 1,2.

However, this yields b! = — >0 Zfi -

then ZZ 12;B, = 0 implies Z = 0 due to the assumption B € PD". We conclude
Null(B ) N Null(B ) = {0}, which yields det(B=+B- ) > 0, as desired. m

We now prove the theorem. As the only unknown entries in B are

way of contradiction, suppose that this is false. Then, det(

B;, = b?, a contradiction. Hence z,,; = 0, but

(B, n+1)ief1,.np\1, the problem (C.1) is equivalent to max Z XiXn11Bini1-

= —PSD
BEBBb ie(1,...n}\1

The set of feasible variables (EMH) e R" 1l is equal to the projection of the slice
set Xg%D N{x e R"|x; = b; for all i € I} onto {(X;)icq1,. . np\1} = R 11 Since the
objective function is nonzero and linear in the variable (B;,;1), and any slice of a

strictly convex set is also strictly convex, the theorem follows from Lemma Al. =

Proof of Proposition 5. We make repeated use of the two first-order conditions.

N

The naive intervention x" minimizes f(-,0), hence

M+ C)x = ¢ + 1.
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The robust intervention x* satisfies the saddle-point first-order condition (5),
(M +B* 4+ C)x* = ¢ + .
Subtracting these yields the identity
(M +C)(xY —x*) = B*x", (C.3)

which we use repeatedly below.

Step 1: Closed form for V' and non-negativity. Since x — f(x, B*) is a strictly
convex quadratic with Hessian M + B* + C and x* is its unique minimizer, the

standard quadratic expansion around x* yields
1
f(x,B*) — f(x*,B") = §<x —x", (M+B"+C)(x —x"))

for every x € R™. Setting x = x",

Vo= S BY) - f(xBY) = Y - x (M B4 O)(xY - X))

Under Property A, M > 0, and B* > 0, so M + B*+ C > 0, hence V' > 0.

Step 2: Closed form for V. Using the naive first-order condition, (xV, (M +
C)xY) = (¥ + ¢, xM), s0
1 1
f(XN7 BN) = _§<w0 + wa XN> + §<XN7 BNXN)‘
Similarly, the saddle-point FOC gives (x*, (M + B* + C)x*) = (" + ¢, x*), so
* * 1 k
f(X 7B ) = _§<¢0+¢7X >
Subtracting,

V= SN BYY) - {0 x — x), (C.4)
We rewrite the second term using (C.3): by symmetry of M + C,
W+, x" —x7) = (M+Ox",x" —x) = (x",(M+C)x" —x)) = (x",Bx").
Substituting into (C.4),

1 1
Y = §<XN,BNXN> — §<XN,B*X*>.

Step 3: V > V'. Cancelling f(x*, B*),
1
V- V/ - f(XN7 BN) - f(XN7 B*> - §<XN7 (BN - B*)XN>'
By Theorem 1-(b), BY is the unique maximizer of B + (xV, Bx"V) over B € B. Since
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B* € B, the right-hand side is non-negative, hence V > V'.

Step 4: Equality conditions. If v;; = 0 for all ¢,j € N, then B = {0}, so B* =
BY =0, x¥ = x*, and both V' and V vanish.

Conversely, suppose V' = 0. Step 1 and M + B* 4+ C = 0 together force xVV =
x*. Substituting into (C.3) gives B*x* = 0. Taking the inner product with x* and

expanding B* = ). q;(x") ® q,(x*),
0= (B = Sl x) = 30 (S valsil)
ieN iEN N
where the last equality uses (q;(x*),x*) = >, s(z})vyx; = >, vaulz|. Hence
> valzy| = 0 for all ¢ € N. By Property B, |zj| > 0 for all [, so each non-negative
summand vy |z} | must vanish, yielding v;; = 0 for all 4, j.
For V: from Step 3, V > V' > 0, so V = 0 implies V' = 0, and the conclusion

follows from the previous case.

Step 5: Same-orthant case. If x"¥ and x* lie in the same orthant, then s(z¥) =
s(zy) for all L € N, so q;(x") = q;(x*) for every i, hence BY = B* =: B. Substituting
into the expression from Step 2,

1 1 1
Y = §<XN,BXN>—§<XN7BX*> = §<XN,B(XN—X*>>.

Proof of Proposition 6. Recall that x¥ = (M + C)™*(¢)° + ¢) does not depend

on the variance profile, while

x*(v) = (M +C+B(v) (W + ),

qu ) @ qi(x*),
ZQZ ) @ qu(x"),

with q;(x)r = s(xx)vy. Under Property B, 27 # 0 and z # 0 for all [ € N, so there
exists a neighborhood of v on which s(z}) and s(z)V) are constant for every /. On
this neighborhood, B*(v) is smooth in v, and Property A gives M + B* + C > 0,
so the implicit function theorem applied to the saddle-point first-order condition

(M +B*+C)x* = ¢° +1 implies that x* is continuously differentiable in v. We work
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in this neighborhood throughout, and define
of = wvalel'l, i =) valajl, B =) s(a))vaai
IeEN IeEN IEN
Step 1: Derivatives of q;. Since s(z1) and s(z}) are locally constant in v, direct

differentiation gives

Oaqu(x") N O (x*) )
ovij = dus(zj)ej, o = 0 s(z) ey, (C.5)
where e; is the jth standard basis vector and d;; is the Kronecker delta. Consequently,
oBYN N N N
ov.. s(z))[e; @ qi(x™) + qi(x") ® e,
ij
oB*

a = s(wj)[ej®qz(x*) —I—ql(X*) ®ej].
Vij x* fixed

(% + 1), x). By the chain rule,
dvij 8Vij 2 x* ﬁxedx >

Step 2: Derivative of f(x*, B*). Recall f(x,B) = (x,(M + C)x) + 3(x,Bx) —
d . o NG, & 1, , 0B*
FOCBY) = Vuf (BT o+ (x5
The saddle-point first-order condition (5) yields Vi f(x*, B*) = 0, so the first term
vanishes. Using Step 1 and the symmetry of 0B*/0v,;,

d * * %\ % % % K1 %
dvijf(x , B ) = S(xj)xj <%‘(X ),X > = ‘:L'j’al-, (C.6)

where (qi(x*), x*) = Y2, s(ei)va i = ¥, valai| = a.

Step 3: Derivative of f(x",B*) and equation (18). Since x" does not depend

* : . d N *\ __ 1 N dB* N : *
on v, only B* contributes: mf(x ,BY) = 5(x v X > Since q; depends on x

only through the sign pattern, which is locally constant, the total derivative coincides
with the partial in (C.5). Hence,

d * * * *
L BY) = sl o fale)x) = s@)af 8. (O
ij
Combining (C.6) and (C.7),
A% d * * * * x| %
OV - dV,‘[f<XN’B)_f(X>B)] = s(a:j)xj-v ijv_’xj’&i7
ij ij

which is (18).

Step 4: Derivative of f(x",B") and equation (17). Since x"¥ does not depend
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on v, an analogous computation using Step 1 yields
d
Fo T BY) = s (). ) = e (©8)
Combining (C.6) and (C.8),
o d
8V¢j N dVij
which is (17).

[f(xY,BY) = f(x*,B")] = |27 o7 — |2} o,

Step 5: Gap between costs and equation (19). Subtracting (18) from (17) and

using |2)| = s(z) )2 and 27 = s(z)")|z)"],
oV -Vv) . Y o ok
Ty = el =@l aY = el ) vaal [s@)s(@) - s(a)s(ai)]
k lEN
= [} 1> vala [ s(af)s(a") [s(@)s(al) = s(a)s(a7)]-
IeEN
For each [, let a; = s(x})s(z]’) € {+1, -1} and b = s(x7)s(z;) € {41, —1}. Since
a? = 1, we have a;(a; — b)) = 1 — a;b;, which equals 0 when a; = b; (equivalently,
s(z]")s(z7) = s(x})s(2})) and 2 otherwise. Hence,
oy -V N N
Tov, 2|27 | > v |z | >0,
IEN

s(x]V)s(xz})#s(z] )s ()

which is (19).

Step 6: Same-orthant case and equation (20). Suppose xV and x* lie in the
same orthant, so s(z)) = s(x}) for all [ € N. Two consequences follow.

First, the summation index condition in (19) becomes empty, hence 9(V —
V') /0v;; = 0 and the two costs coincide.

Second, q;(x") = q;(x*) for all [ when sign patterns agree, hence BY = B*. The

same-orthant condition also gives s(z}) 2 = |2}'] and s(%) zY = |2}], hence

BY = 3 s(a)vaal = Yvalal] = o

leN leN
Substituting into (18) yields
ovi, |5 [ o — |2f] o = av,’

which is (20). =
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Online Appendix

OA Applications

OA.1 Network Expansion: Recruiting New Faculty

Illustration: n = 2 plus one entrant As an example, consider a network consisting
of two existing members (agent 1 and agent 2) and one new agent (agent 3). For
simplicity, we assume that the variance of the link is one for all agents; that is, all the
diagonal entries of each B; are equal to one for i = 1,2, 3. Consequently, each entry
of B; matrix represents a correlation coefficient of the influences toward agent i. We
assume that agent 1’s influence on their own outcome is uncorrelated with agent 2’s
influence on agent 1’s outcome (i.e., (B1);, = 0). In contrast, we assume that agent
1’s influence on agent 2’s outcome is correlated with agent 2’s influence on agent 2’s
outcome (i.e., (B2),, = p € [—1,1]), and the exact correlation coefficient p is known
to the DM. Finally, we suppose that all the other entries are unknown to the DM.

Under these conditions, the following matrices illustrate the network uncertainty:

B,1 2 3 1 2 3
L pf SRS
, Ba=2||p 1575, and Bs= 2 57 1 75
s 17O s 1707 1

There are two notable features in the examples of B3 and the other two matrices.
First, for any agent ¢ = 1,2, 3 in the network, all entries representing the correlation
coefficient between the influence of the new agent 3 on ¢ and the influence of another
existing agent j = 1,2 on i are undetermined; that is, (B;);3 is undetermined. In
the illustrated matrices, this feature is reflected by all the entries in the third row
or column being undetermined and represented by the question mark (i.e., ‘?”). This
highlights the first source of uncertainty introduced by the network expansion: the
DM lacks information on how the new agent’s influence on a given agent correlates
with the influence exerted by other existing agents on that agent.

Second, the correlation coefficients of the existing members’ influences on agents

are asymmetric. Specifically, the influences of existing members on existing agents 1



and 2 are fully known. This is illustrated by the fact that, for agent : = 1,2, the
principal submatrix B, of B;, highlighted by a blue solid-line box in the illustrated
matrices, has all its entries determined. In contrast, the influences of the existing
agents on the new agent 3 are unknown. This highlights the second source of uncer-
tainty introduced by the network expansion: the DM lacks information on how the
existing agents’ influences on the new agent are correlated with one another.

Consequently, all the off-diagonal entries in B3 are undetermined and represented
by the question mark in the illustrated matrices. This implies that, in the worst-
case scenario, Nature’s choice of B; presents the rank-1 structure, as established in
Theorem 1. Therefore, the remaining analysis focuses on characterizing undetermined
entries in B; for ¢ = 1,2 within an appropriate uncertainty set.

By linearity, we have (X, BX) = (X, B1X) + (X, BoX) + (X, B3X). Since none of the
entries of X is zero, Theorem 1 shows the unique E; is given by E;’ = o3 (W3 ® w3)
with o2 = Z?Zl vy =3, wy = 2. and q3 = (s(T1), 5(T2), 5(Ts)) . As a result, B,

is a rank-1 matrix.

On the other hand, the uniqueness of the worst-case scenario for the existing agents
1 = 1,2 stems from the strict convexity of the uncertainty set, which contrasts with
the reasoning behind the uniqueness of Bs. To determine Bj, observe that (X, B1X) =
2T ((El)lgfl + (E1)23§2) + constant, where (B1);3 = Corr(G1y, Gy3) € [—1,1] and
(B1)23 = Corr(Gy, Gi3) € [—1,1]. The dashed square in Figure OA1-(a) represents
these restrictions of the possible values of (B})i3 and (B1)23. Additionally, Nature’s
choice of uncertainty is constrained by the requirement that B, must be positive semi-
definite, which holds if and only if det(B;) > 0 because B; € PD* and (B;)s3 > 0.
The Schur Complement theorem (Meyer, 2010) states that det(B;) > 0 if and only
if (B1)33 — ((B1)13, (B1)23) B ((B1)13, (B1)23)" > 0, which is equivalent to (B;)%; +
(B1)2; < 1, represented by the gray unit disk in Figure OA1l-(a) contained in the
dashed square. Consequently, the uncertainty set is strictly convex and compact.!?
The worst-case scenario for agent 1 must therefore be chosen within this uncertainty
set.

Since the uncertainty set is strictly convex, the gradient of (X, B;X) with respect
to ((B1)13, (B1)23) must be orthogonal to the boundary of the uncertainty set. The

assumption of non-zero entries in X implies that the gradient (represented by the

170Our proof in Appendix C addresses a more general condition, and the strict convexity of the
uncertainty set is not a direct consequence of the Schur Complement theorem.



(a) uncertainty set for agent 1 (b) uncertainty set for agent 2 (c¢) uncertainty set for agent 2
if p=—0.5 if p=0.5

Figure OA1: Illustration of the worst-case scenario. In each figure, the gradient of
Nature’s objective function at the unique worst-case scenario is orthogonal to the
uncertainty set denoted by the gray elliptical disk.

blue arrow in Figure OA1) is not vanishing. Consequently, there is a unique optimal
choice By, in which V(X, E1§>|§1=§T = 273(T1, T2) is orthogonal to the boundary of
the uncertainty set as illustrated in Figure OA1-(a). At the optimal choice, a trade-off
arises among the correlation coefficients due to the strict convexity of the uncertainty
set, which results from the partial correlation information constraint Bj.

The worst-case scenario for agent 2, E;, is also uniquely determined by the strict
convexity of the uncertainty set. However, it is worth examining how the shape of
uncertainty set changes due to the presence of the correlation among the influences
toward agent 2. The dashed square in Figure OA1-(b) represents the constraints that
(By)1s = Corr(Gap, Gos) € [—1,1] and (By)as = Corr(Gag, Gos) € [—1,1]. Again,
Nature’s choice of uncertainty faces another restriction: By must be positive semi-

definite, which holds if and only if, by the Schur Complement theorem,

B B 1 — (E2)13
[(Bz)l?} (B2)23} [_p 1'0 (B2)2s3

The pairs of ((Eg)lg, (E2)23) satisfying the above inequality forms an elliptical disk

<1-—p%

as illustrated in Figure OA1l-(b),(c). For each p € [—1,1], there are two invariant
principal components (i.e., eigenvectors) (1,1)T and (1, —1)T, with corresponding non-
negative eigenvalues 1 — p and 1+ p, respectively. The uncertainty set for p = —0.5 is
shown as the rotated gray elliptical disk in Figure OA1-(b), and the uncertainty set
for p = 0.5 is illustrated in Figure OA1-(c). In both figures, the uncertainty sets are
strictly convex.

In summary, the strict convexity of the uncertainty sets yields a unique worst-

case scenario B, for each ¢+ = 1,2,3, and moreover, B, can vary depending on the



correlation coefficient p. If all the entries of X are positive, the gradient of Nature’s
objective function at the worst-case scenario is orthogonal to the uncertainty set
and lies in the first quadrant. As a result, the uncertainty set yields lower values of
(B5)13 and (B})a3 as the correlation p increases, as shown in Figure OA1-(c). On the
other hand, if X includes a negative entry (e.g., X; > 0 and Xy < 0), the worst-case
scenario values for (By)13 and (Bs),3 may increase in magnitude as p increases, as in

Figure OA1-(b).

OB Higher-Order Interactions

So far, we have addressed the robust intervention problem in the context of one-shot
interactions among agents. However, in many studies in network economics, the focus
shifts to settings where agents interact repeatedly or infinitely, leading to long-run
equilibrium outcomes. Such scenarios are commonly analyzed using the equilibrium
representation (I — §G)™!, where § > 0 captures the strength of the network effect.

If the spectral radius of dG is less than one, ensured when ¢ is sufficiently small,
the equilibrium can be expressed as a power series: (I—0G)™! = > (§G)*. In this
representation, ij represents the weighted sum of all walks of length k from agent
j to agent 7, capturing the k-th order influence of agent j’s allocation on agent i’s
outcome.'® This power series representation aggregates the influence dynamics across
all possible walks within the network.

The critical question, then, is how the DM can incorporate these higher-order
influences and the associated higher-order uncertainties into the design of a robust
intervention. By accounting for these dynamics, the DM can address the challenges
of designing effective strategies in networks where agents’ interactions propagate over
time and across multiple pathways. Motivated by this, we now consider an extension
of our model to incorporate higher-order uncertainty under additional assumptions.

First, we assume that with a second-order approximation of (I — 6G)™! ~ (I +
dG + 62G?), the DM minimizes the following objective:

E[|I1+0G + 8°G*)x — z||] . OB.1

Second, we assume G;; = 0 for all ¢ € N. This assumption is often valid in

contexts such as network games or supply chain network models, where the zero-

18 A walk of length k from node j to i is a sequence of nodes (ig, 41,42, ... ,ix), such that iqg = j,
ir = i, and nodes in the sequence need not be distinct (Jackson, 2010).
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order interaction term I captures an agent’s self-influence after normalization. Third,
we assume statistical independence between the rows of G, meaning that the influence
on an agent is independent of the influence on any other agents. For instance, in a
social learning model, agent i’s weight on agent k is independent of agent j’s weight
on k.

Under these assumptions, the adversarial Nature’s choice of the worst-case sce-
nario is characterized by a unique rank-1 covariance matrix B} for each agent 7. To
simplify exposition, we assume that m;; = E[G;;] = 0 for all 4,5 € N, allowing us
to focus solely on the impact of uncertainty.!” Under this assumption, the expected

squared distance between agent ¢’s final outcome and the target outcome z; is

n
E[|(I40G +0°G?)x — z|*] =27 +6°(x, Bp()—i—Z 542 (x, Bpx) + 22 — 2215,
k=1
OB.2
The term §?(x, B;x) in expression OB.2 arises from (6G);x, capturing the uncertainty
generated by the first-order interactions among the agents with respect to agent 1.
Another term, 6* Y7, vZ (x, Byx), accounts for the second-order interactions af-
fecting agent ¢’s final outcome. For these second-order interactions, consider pairs of
agents s and k with intermediate agents s’ and k' directly influencing agent i. The
second-order interactions from s to ¢ and from k to ¢ are represented by G;¢ Gy and
G G, respectively. If s’ £ £/, the correlation between these second-order interac-
tions is zero due to the independence in link formation among the agents’ interactions,
captured by the computation E |Gy Gy sGir Gri] = E [Gig Gip | E [Gy ] E [Gri] = 0.
Consequently, the second order effect arises only when there is a common interme-
diate agent (i.e., k¥’ = &'). For each intermediate agent, the correlations among walks
of length 2 that share agent k&’ as the common intermediate agent are amplified by
the discounted variance §*vZ,. For example, in Figure OA2, the solid blue arrows di-
rected toward intermediate agent 2 influence agent 1’s outcome and are independent
of the other arrows directed toward a distinct agent, such as the dashed green arrows
leading to intermediate agent 3. Then, the impact of the blue arrows on agent 1 is
weighted by the discounted variance term 6v?,, while the impact of the green arrows

on agent 1 is weighted by the discounted variance term §*vi,.

9The proof of Proposition A4 does not rely on this zero mean influence of the agents.



allocation direct . indirect final , E[squared distance to
vector influence ' influence outcome * the target outcome]

2+ 82, Brx) + Y4, 0'v2, (x, Bix)

23+ 62(x,Box) + Y _, 04vE, (x, Byx)

z3 +0%(x,Bax) + > p_; 0'v2, (x,Byx)

2 +0%(x,Bpx) + > 1, §4v2, (x, Bgx)

independence of
link formation

Figure OA2: Tllustration of second-order uncertainty generation in network. For sim-
plicity, here we assume that z = 0.

By summing the squared distances for all agents, we obtain

E[[I+0G +8°G*)x — z|]°] = (x,x) + Y _w;(x,Bix) — 2(z,x) + (2,z), OB.3
i=1

where w; = 6*(1+ 62 ,_, vi;) > 0. The above expression remains linear in each B;,

similar to expression (3) in the main model without higher-order considerations. As

detailed in Theorem 1, this implies that the adversarial Nature’s selection of the worst-

case scenario satisfies the rank-1 property for all agents. The following proposition

summarizes this result.

Proposition A4 With the higher-order consideration with the objective function
OB.2, there exists a unique worst-case scenario B} for each agent i € N, and it

18 rank-1.

The uniqueness of the worst-case scenario, in turn, allows the DM to solve her robust
optimal intervention problem by selecting her intervention based on the first-order
condition under the worst-case scenario, in a manner analogous to Theorem 1.

We conclude this subsection by noting that for k-th order interaction consider-
ations with k& > 3, the linearity in the objective with respect to the uncertainties
(B;)ien no longer holds, even under the assumption of independent link formation.
The reason is that, even with independent link formation, higher-order interactions
among influences on an agent can emerge. For example, consider walks of length 3,
such as (3,2,1,2) and (4,2,1,2), which differ only in the initial agent. In this case,



the interaction among the influences Gogz, Gos and Gog; in the covariance term may
introduce nonlinear effects. As a result, the rank-1 property and the uniqueness of
the worst-case scenario may no longer hold. We leave the analysis of higher-order

interactions and robust intervention design for future research.

Proof of Proposition A4

Proof. For simplicity, we prove the proposition by assuming that the mean influence
of the link Gy; is zero for all 4,7 € N. Then, we provide a general proof without the
assumption.

For each i € N, we find that

2

(T4 0G +6°G)x — 2 = |2+ 6 Y Gijzj + 6> > GaGumz — z

j=1 1<k,l<n
n 2 2 n
= JJZZ + (52 Gijl’j> + (52 Z Gikalxl> + 21-2 + sz (52 Gijxj>
j=1 1<k,l<n j=1
+ 21’1 (52 Z Gikalxl> — 2'7}121 + 2 ((52 Gij$j> (52 Z Gikalxl>
1<k,l<n 7j=1 1<k,l<n
- 221' ((SZG”x]> — 222‘ <(52 Z Gikalxl> . OB.4
j=1 1<k,l<n

We investigate the expectation of each term in expression OB.4. First, we find that

E [( Z G Grixg =0, E (ZGU%) < Z Gikam>] =0,
L \j=1

1<k,l<n 1<k,l<n

Jj=1 L

1<k,i<n

.
Second, E {(Z?l Gijxj) = (x,B;x) as in the main model. Third, we observe that

2
E (Z Gika!Bl> :E[( Z GiGLGisGarizy)

1<k, l<n 1<k,l,s,t<n

= Y E[GaGulE[GuGy]zz= Y B[GL]B[GuGr]zm =)  vi(x,Bx).
k#i,s4,1t kil t k=1



Thus, we obtain expression OB.2 in the main text:

N 2 2
E [|(I +0G + (52G2)ix — Zi’ﬂ = QZZQ +E <(5 Z Gijﬂij) + <(52 Z GikalQZl) + Zi2
j=1

1<k,l<n

= [E? + 52 <X7 B1X> + 54 Z Vz'2k <X, BkX> + 222 — 2211'1
k=1
OB.5

Finally, by summing the squared distances for all agents, we obtain

EI+G+G)x—z|] =) (ﬁ +6%(x, Bix) + ' > i (x, Bix) — 221 + zf)

i=1 k=1
= (x,x) + ZW(X, Bx) — 2(z,x) + (z,2), OB.6
i=1
where w; = 6% +6*>°)_, vi, > 0 as in expression OB.3 in the main text.

Since the DM’s objective function OB.6 is linear in each B;, the rank-1 property
and the uniqueness of B} are held by Theorem 1. Therefore, the worst-case scenario

=", B is unique.

We now prove the proposition without the assumption. To economize notation,
without loss of generality, we let 6 = 1 because it does not affect the linearity of the
DM’s objective function. We let G = E[G] and write G = G + U. We denote by m;
and m’ the ith row vector and column vector of G, respectively. Recall that M; =
m; ® m;, and E[U;U]] = B;. Since we assume that G;; = 0, we have Uy = my; = 0.
We calculate that for each i € N,

(i Gz‘jij) =B [((mz + Ui)TX) 2] = (x, B;x) + (x, M/;x).

In addition, it follows that for each i € N,

2
(Z GikaCEl> :E[ Z GikazGisGstﬂfziBt]

1<k,l<n 1<k,l,s,t<n

- Z Z GitGis| E [Gr G| 2y

1<l,t<n k+#i,s7#1

= Z Z kuzs + mzkmzs) E([UklUst] + mklmst>xl'xt-

1<l,t<n k+#i,s7#1



We find the following useful expressions for each ¢ € N:

Z Z zk:Uzs [Uszst LTy = ZZE kuzk UklUkt fl?zﬂft ZV,k X, Bk:X

1<l,;t<n k#1571 k#i Lt

Z Z mzkmst[UklUst LTy = Zm XBkX

1<l,t<n k+#i,s7#1

Z Z mymg E[U; Uz, = Z(:{;lm 7Bi(g@m )) = (Gx, B;Gx),

1<l,t<n k#i,s7#1 It
—2 —2 =2 \2
E m;eIX); M Mg T 1T = E (Gilxl)(Gitxt) = (G X)z’ .

1<l,t,k,s<n It

Then, we obtain that for each i € N,

( > Gz‘kam> = > (v + m3) (x, Bex) + (Gx, BiGx) + (G )2,
k=1

1<k, l<n

E [Z Gijl’j = Zmzjxj = mm > = <§X>i»

[ Z G Grz | = Z (mypmy; + E (U Ug) 2 = (GQX)z‘ +0= (sz)i,

1<k,l<n k,l

E [ Z GijGikalxjxl = Z ZE[GUGM] E[le] TjTy

1<j;kl<n 1<jl<n k#1

= Z (E[U;; U] + mymy,) myz;z

= ((zm',B;x) + (zym', M;x))

= <§X, BZX> + <GX, M1X>
Thus, we combine the above expressions and obtain that for each ¢ € N,

E [l(I + G + GZ)iX — Zi‘z}

= (x,B;x) + Z(ka +m? ) (x, B;x) + (Gx, B;Gx) + 2(Gx, B;x) + (x, M;x) + (EQX)Z2
k=1

+ 2(Gx, M;x) + 2(z;m;, x) + 2@(@2)()@- + 27 — 2(z;m;, x) — 2zi(azx)i — 2z + 27

We now let oy, = > | (v, + m3, ). By summing over ¢, it follows that
E[(I4+G+G*)x—z[*] =) _ (a;(x,Bix)+((G + I)x, B{(G+I)x)) + Q(x), OB.7

=1



where (Q(x) is a quadratic function of x not involving the uncertainty matrix (B;);
for any i € N. As such, we can consider () as an additional cost part of the DM’s
objective function. It is straightforward to see that the DM’s objective function OB.7
is still a linear function of (B;); as before. Consequently, we conclude that when
(B1,...,B?) is Nature’s best response with respect to a given x having no zero entry,
its 7th component B} is uniquely determined as a rank-1 matrix if and only if the

following nondegeneracy condition holds:

aizjrr + (G+I)x) ((G+I)x), #0 forall 1<j<k<n. OB.8

J

Therefore, the proposition is proven. m

OC Microfoundation of the Uncertainty Set

This appendix collects additional interpretations of the uncertainty set B introduced
in Subsection 2.2. Throughout, U; = G] — m; € R™ denotes the column vector of

row-i deviations, as defined in Subsection 2.1.

OC.1 Bayesian Interpretation: A Set of Priors Consistent
with Trusted Moments

Let IT be the set of distributions over G such that E-[G;] = m;; and Var,(Gy;) = v7;
for all 3,5 € N. For any 7 € II, define B;(r) = E.[U;U]]. The mapping 7
(Bi(7))ien induces a set of feasible row covariance matrices contained in [ [, v B;, and
Nature’s move can be interpreted as selecting a least favorable dependence structure
among those consistent with the DM’s trusted marginal information. Moreover, I3; can

be viewed as a least-restrictive envelope: for any B; = 0 with diagonal (v, ..., vZ),

» Vin
there exists a distribution over U; with covariance B; (for example, multivariate
normal), so B; contains all covariance structures compatible with the maintained

second-moment information and covariance feasibility.

OC.2 Partial-Identification Interpretation: An Identified Set

for Dependence

Suppose an econometrician observes data generated by G and can consistently es-

timate m;; and V?j for each link, but cannot identify Cov(Gyj, Gi;) beyond general

10



inequalities implied by feasibility (e.g., Cauchy—Schwarz and positive semidefinite-
ness). Then B; is an identified set of observationally equivalent within-row covariance
structures, and B is the corresponding identified set for aggregated covariance objects
that matter for expected loss. In this interpretation, the DM’s max—min problem is a
minimax decision rule over the identified set, as in robust treatment-choice problems

under ambiguity and partial identification.?’

0OC.3 Data-Based Microfoundations

Microfoundation 1: link-specific measurement identifies marginals but not
correlations. In many network applications, different links (7, j) are measured using
distinct data sources, instruments, or experimental designs, so the DM can estimate
each m;; and V%j from link-by-link variation but does not observe joint realizations
that would identify covariances across (i,j) and (i,k) for fixed ¢ and distinct j, k.
The resulting statistical information disciplines the diagonal of B; but leaves the

off-diagonals largely unrestricted, motivating the use of B;.

Microfoundation 2: limited overlap in panels or rotating samples. Even
when all links are conceptually observed in a single dataset, limitations such as short
panels, rotating samples, or missing-by-design observations may imply that, for each
(i,7), there is enough repeated variation to estimate Var(G;;) but insufficient overlap
to estimate Cov(G,;, Gi;) with precision. In such settings, treating off-diagonal de-
pendence as ambiguous while trusting the marginal second moments is a disciplined
reduced-form approximation, and worst-case evaluation over B; corresponds to a con-
servative policy criterion that is valid across dependence patterns consistent with the
data.

Microfoundation 3: latent common shocks generate comovement that is
hard to discipline. Flexible structural sources of dependence are latent common
shocks affecting multiple links toward the same receiver i. For instance, represent
row-i deviations as (U;); = a;;fi + u;; for j € N, where f; is a receiver-i common
shock with Var(f;) = o7, a;; are link-specific loadings, and w;; is idiosyncratic noise

with E[u;;] = 0 and Var(u;;) = V?j — a?jaf , with a?jaf < V?j. Many combinations of

20For related approaches to robust decision making with partially identified models, see, for
example, Stoye (2012); Montiel Olea et al. (2025).
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(aij)jen and o7 are consistent with the same marginal variances ij but imply different
covariance patterns Cov(Gyj, Gix) = a;ja;x07 across (4, k). When the DM can estimate
V?j but cannot credibly bound the strength of the common component, B; captures

the implied ambiguity without committing to a particular factor specification.

OC.4 Why Receiver-Specific Ambiguity and Aggregation are
Natural

The object U; aggregates the uncertainty relevant for receiver ¢ because it deter-
mines the random component of (Gx);. Accordingly, the maintained information and
the ambiguity are naturally formulated row-by-row: the DM’s knowledge concerns
marginal moments of each G;;, while the economically relevant unknowns are the
covariances among links entering a common receiver. The aggregate set B arises from
combining receiver-specific covariance choices B; € B; via B = )" | B;, yielding
a transparent interpretation of Nature’s move: Nature selects a feasible dependence
structure within each row, subject to the DM’s trusted marginal second moments and
covariance feasibility, to maximize the DM’s expected loss under the chosen interven-

tion.

12
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