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We introduce a new framework for data denoising, partially inspired by
martingale optimal transport. For a given noisy distribution (the data), our
approach involves finding the closest distribution to it among all distributions
which 1) have a particular prescribed structure (expressed by requiring they
lie in a particular domain), and 2) are self-consistent with the data. We show
that this amounts to maximizing the variance among measures in the domain
which are dominated in convex order by the data. For particular choices of the
domain, this problem and a relaxed version of it, in which the self-consistency
condition is removed, are intimately related to various classical approaches to
denoising. We prove that our general problem has certain desirable features:
solutions exist under mild assumptions, have certain robustness properties,
and, for very simple domains, coincide with solutions to the relaxed problem.

We also introduce a novel relationship between distributions, termed Kan-
torovich dominance, which retains certain aspects of the convex order while
being a weaker, more robust, and easier-to-verify condition. Building on this,
we propose and analyze a new denoising problem by substituting the convex
order in the previously described framework with Kantorovich dominance.
We demonstrate that this revised problem shares some characteristics with
the full convex order problem but offers enhanced stability, greater compu-
tational efficiency, and, in specific domains, more meaningful solutions. Fi-
nally, we present simple numerical examples illustrating solutions for both
the full convex order problem and the Kantorovich dominance problem.

1. Introduction. Denoising or dimensional reduction is a central problem in statistics
and machine learning [6], [15], consisting of inferring an unknown probability distribution
(the true data or signal) from an observed distribution v (the noisy data).

Given a structured domain D of probability measures to which the signal is assumed to
belong, there are at least two distinct approaches to denoising. The first involves finding the
w1 € D which is closest to the data v in an appropriate sense. When the distance between
w1 and v is measured by the Wasserstein metric ((1) below), this corresponds to the relaxed
problem in our nomenclature here ((6) below) and, for different choices of D, encompasses
principal components, k-means clustering, and the version of principal curves in [15].

A second approach involves identifying a p € D which lies in the middle of v in a cer-
tain sense. A precise formulation of this notion is known as self-consistency in the statistics
literature and was first formulated by Hastie and Stuetzle in their seminal work [10] intro-
ducing principal curves. While self-consistency (expressed in our work here as the existence
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of a martingale coupling m € M (u,v) defined in (4) below) can naturally be interpreted as,
conditional on the signal being X, the average of the noise around X vanishing, it also arises
(roughly speaking) as the first order variation of the distance function from the data [10].
Despite this connection, solutions obtained from the self-consistency approach do not even
locally generally minimize the distance to the data among p € D [8], and, to the best of
our knowledge, there is not an existing general paradigm for data denoising capturing key
features from both of these two approaches.

Our first contribution here is to propose such a framework, by exploiting ideas from the
theory of martingale optimal transport (MOT) [2], [11]. Heuristically, this problem amounts
to finding the closest i to v among those p € D which can be coupled to v in a self-consistent
way; the precise formulation, problem (3) below, is a backwards martingale optimal transport
problem somewhat reminiscent of the one in [16]. Since by Strassen’s theorem, the measures
w for which a self-consistent (or martingale, in the language of MOT) coupling to v exist are
precisely those which are less than v in convex order, denoted by p <¢ v, and the distance
between measures is measured by minimizing the expected squared distance among such
couplings, it is straightforward to show that this problem is in fact equivalent to maximizing
the variance among measures p € D which are dominated by v in convex order. We show
that this novel denoising problem has certain desirable properties; solutions always exist for
reasonably nice domains D, and are robust in the sense that if the measure v is close to some
p € D (i.e., the noise is small) with p <¢ v, our solution p must be quantifiably close to p as
well. Furthermore, for particularly simple domains, we show that problem (3) in fact coin-
cides with the relaxed problem (6). This is not surprising, since the self-consistency condition
arises as a sort of optimality condition in (6); this equivalence is in fact implicit in standard
analysis of k-means clustering problems (although we have not seen (3) explicitly formulated
in this setting, and we establish the equivalence more generally here by identifying a general
condition on the domain D for which it holds).

Since they serve as a key motivation for our work here, let us digress briefly to describe
in more detail how various notions of principal curves appearing in the literature relate to
our framework. Hastie and Stuetzle defined a principal curve of v to be a smooth curve
s € R — f(s) such that for each s, the barycenter of the points y which project to f(s)
is f(s). In our language, letting P> be the projection map P(y) = argmin |y — f(s)]],
p = Pyv and m = (P,1d)y4v € M(p,v), where Id denotes the identity map and Pyv the
pushforward of the data distribution v by P.! Several variants of this definition have been
defined since. Notably, Tibshirani relaxed the projection requirement by looking for (in our
nomenclature) a probability measure p supported on a smooth curve s — f(s), together with
a martingale coupling m € M(u,v) (so p need not be the projection of v onto f, but must
still be in convex order with it) [21]. Neither the definition in [10] nor the one in [21] had a
variational aspect analogous to (3), although the idea of minimizing the distance to the data
was clearly present in the formulation of the self-consistency condition as discussed above.
Heuristically, when D is taken to be the set of all curves (neglecting for now issues about
the regularity of the curves), our problem (3) is to find the principal curve in the sense of
Tibshirani which is closest to the data.

Existence of principal curves as defined by Hastie-Stuetzle for general distributions v is
not known. Partially to address this, another notion was introduced by Kegl et al [15]. In
our language, their principal curves are solutions to the relaxed problem (6) when D is the
set of all continuous curves of length at most L. With this definition, they easily established
existence for any v. On the other hand, the self-consistency condition is lost.

"Let F: X — ) be a measurable map and p be a distribution on X. The pushforward of p by the map F',
denoted by I p, is the distribution on Y satisfying I p(B) = p(F_1 (B)) for every measurable set B in ).
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For this same domain D, we can define a principal curve as a solution to (3); a straight-
forward argument (given in a more general setting in the first part of Theorem 2.4) then
implies existence of a solution. To the best of our knowledge, this is the first notion of a self-
consistent principal curve for which solutions generally exist and have the desirable feature
of minimizing noise, or being as close as possible to the data.

Returning to the discussion of general domains D, despite its advantages outlined above,
our formulation (3) does come with certain drawbacks. First, checking whether a self-
consistent coupling between p € D and v exists, or, equivalently, checking whether 1 and
v are in convex order, is not straightforward, and so (3) is computationally challenging. Sec-
ondly, we demonstrate that (3) can be unstable with respect to variations in the data v, and
third, for certain problems of interest, the domain D may contain very few measures p such
that ;1 <¢ v, making the problem (3) trivial and its solution uninformative (see the example
in Section 4.4 and in particular Remark 7).

To address these issues, we introduce a weakening of the convex order relation, and a cor-
responding variational problem (see (20) below). The new dominance relation between two
probabiltiy measures, which we call the Kantorovich dominance relation (KDR in short),
amounts to imposing the existence of a coupling between 1 and v which, though not neces-
sarily self-consistent, enjoys some features of self-consistency; the resulting denoising prob-
lem (20) therefore falls in between the original problem (3) with the full self-consistency
condition and the fully relaxed problem (6). We argue that this dominance relation is natu-
ral, by demonstrating that, like self-consistency, it also arises as an optimality condition for
the relaxed problem in a certain sense; indeed, for a large class of domains, which we name
cones, we show that the new problem is equivalent to the relaxed problem. In addition, we
show that, like (3), (20) enjoys quantifiable robustness properties as the noise becomes small,
but, in contrast to (3), (20) is stable with respect to perturbations in the data distribution v.

We illustrate the properties of our new order dominance relation by discussing its rela-
tionship to several established data analysis techniques, including PCA [12], [9], k-means
clustering [18], [14], principal curves [17], [13], and Gaussian denoising [6]; (versions of)
each of these arise for appropriate choices of the domain D.

The remainder of this article is organized as follows. In Section 2, we present the full,
self-consistency problem formulation, establish the existence of an optimal solution under
the convex ordering constraint, and provide examples illustrating a variety of feasible do-
mains. In Section 3, we introduce the Kantorovich dominance and investigate its key prop-
erties. In Section 4, we examine the variance maximization problem under the Kantorovich
dominance, along with equivalent optimization formulations and applications. Section 5 is
reserved for numerical examples.

2. General problem formulation and basic properties. Let P»(R?) denote the set
of all probability measures on R? with finite second moments, and let P2 o(R%) = {1 €
P2(R?) | [z du(z) = 0} represent the set of centered probability measures in P2(R?). In
this paper, all probability measures are assumed to be in P2(R%), unless stated otherwise.

For p,v € Po(RY), the Wasserstein distance Wa (1, ) between i and v is defined as

() W2(u,r) = int / & — 2 dr(z,y),
mell(p,v) JRax R4

where W3 (p,v) = (Wa(p, y))z, and I1(p, v) is the set of all couplings of x4 and v, i.e.,
T(jt,v) = fr = £(X,¥) | £(X) =, £0V) =},

where £(X) denotes the law (distribution) of the random variable X [20], [22]. We denote
L(X) = pand X ~ p interchangeably. | - | denotes the Euclidean norm.



In a typical application, we will assume Y ~ v € P (R9) is the given data distribution,
satisfying the following model assumption:

(2) Y=X+R,

where X ~ p € Py o(RY), R~ € € Py o(R?). Our goal is to recover p from the observed data
v perturbed by e. With prior knowledge or constraint about p, we assume it belongs to a
known domain D C Py (R?). Given v € Py o(R?), we thus consider the following problem:

3) min min E.[|X - Y%,
neED reM(u,v)

where M (1, V) represents the set of martingale couplings between p and v:
4) M(p,v) ={m =L(X,Y) [ L(X) = p, L(Y) = v, E[Y|X] = X}.

The martingale condition is often referred to as self-consistency in the statistics literature. In
the generic model (2), it says that conditional on X, the average noise vanishes, E[R|X]| = 0.
We say that x and v in P2(R?) are in convex order, denoted by pu <¢ v, if [ fdu < [ fdv
for any convex function f. Strassen’s theorem states that M (1, v) # () if and only if u <¢ v.
If 7 € M(p,v) is a martingale coupling of X ~ p and Y ~ v, we have E;[XY] =
E,[XE,[Y|X]] =E,[|X|%. Therefore, if 11, € Pao(R?), it follows that

E-(|X Y]] =E[[Y["] - E, HXIQ]:Var(V)—Var( );

where Var(y) denotes the variance of y, defined as Var(u) = [ |z — [ du(z)*du(x).
Since v is given and fixed, this shows that problem (3) can equivalently be formulated as:
5 V .
© pebin, Var)

REMARK 1. Since D typically consists of measures supported on low dimensional
spaces (for instance, curves), this formulation appears to achieve a spectacular dimen-
sional reduction, as it involves optimizing over u € D, rather than (u,7) with u € D and
m € M(u,v). The catch, of course, is that the constraint ;1 <¢ v involves v in a sophisticated
way and is not straightforward to check.

We also consider the following relaxed version of (3), where the delicate self-consistency
condition is removed:

6 Wi (u,
(6) min W (. ).

Since self-consistency can be seen as a first order optimality condition for the functional
in (3) [10], it is not surprising that for certain simple domains D, problems (3) and (6) are in
fact equivalent. This is well known for problems such as k-means clustering (see Example 3
below); we offer here a general condition on D under which equivalence holds.

The centering operation described below is a well-known procedure in the k-means clus-
tering algorithm. (For this connection, one may assume 4 is supported on k points in R%.)

DEFINITION 2. 1 Given y, v € P2(R?) and a coupling 7 = 7, @ pu € II(1, ), define the
centering map c.(x) := [ ydmy(y) for p-a.e. z. We call ¢ 4 (1) the recentered first marginal
of 7, and Cym as the recentered coupling of m, where C(z,y) = Cr(x,y) := (cx(2),y).

2A disintegration of 7 € IT(u, ) w.r.t. u, denoted by ™ = 7y ® u, means that for any Borel sets A, B C Rd,
itholds (A x B) = [4 mz(B)dp(x). Using condional probability notation, mz(B) = P(Y € B| X =x).
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Note that Cm € M(cr4(p),v) is a martingale measure, and thus ¢4 (1) =<c v.

PROPOSITION 2.2. Assume that there exists an optimal p € D for the relaxed problem
(6) and an optimal w € I1(p,v) for (1) such that cr (1) € D. Then cr4 (1) is optimal in both
(6) and (3), and consequently, the two problems are equivalent (by yielding the same value).

PROOE. Since ¢, (z) is the barycenter of 7,,, we must have

/ & — y[2dCym(x,y) = / lex(@) — yl2dn(a,y)
R4 xR4 R4 xR4

— /Rd < » |cx(2) —y|2d7rx(y)> du(z)
< /Rd < » |z — y|2d7rx(?/)> du(z) = Wi(u,v),

where the last equality is from the assumption that 7 is optimal for (1). Since W3 (u,v) is
equal to the minimal value in (6) (since p € D) and less than or equal to the minimal value in
(3) (since cr 4 () € D), this implies optimality of ¢ (1) in both problems. O

We now turn our attention to the existence and robustness of solutions. Given v € Py (Rd),
we define the set of probability measures less than or equal to v in convex order as:

(7) M, = {pePa(RY) | u <c v}

LEMMA 2.3. i) M, is compact in the Wh-metric for any v € Pa(RY).
i) Let Wa(vp,v) — 0 as n — oo, and pu, € M,,,. Then the sequence { i, }n is precompact,
meaning there exists a subsequence { i, }1 that converges in W to some i € M,,.

PROOF. i) The set M,, is clearly closed: if {jup}n C M, and lim, oo Wa(ptn, 1) =0,
then [ fdu, < [ fdv for any convex function f (of polynomial growth of order 2), which
implies [ fdu < [ fdv as n — co. Hence, € M,. To show that M, is compact, let
{pn}n C M,. For € > 0, there exists a > 0 such that [(|z| — a)™ dv < e by monotone con-
vergence. Let B,.(y) denote the open ball of radius r centered at y. We then have

d = x—a+ x—aJr vV €
in(R \BaH(o»—/ﬂZaH duns/u - a) duns/u —a)ytdv<e,

showing {uy, }, is tight. Hence, there is a subsequence {uy}r and a probability measure 1
such that i, — p weakly. The lemma will follow if Wa (g, 1) — 0. By [22, Theorem 7.12],
it suffices to show that for any e > 0, there is R > 0 such that f|x‘>R |z|? dpg () < € for all

k. By monotone convergence, there is a > 0 with [(2|z|? — a?)* dv < €. On the other hand,
[P —ayarz [l -y duz [ @R -a) duz [ P du.
|z[>a |z[>a

since uy =<c v. This completes the proof.
ii) As before, for € > 0, there exists @ > 0 such that [(|z| — a)™ dv < €. Then,

o B\ Bua (00) < [ (1] = @) dn < [ (o]~ )" s <
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for all large n, since Wh(vp,v) — 0 implies [(|z| —a)™ dv,, — [(Jz| — a)™ dv. This yields
a subsequence { i } and a probability measure p such that ;. — p weakly. As before, there
exists @ > 0 such that [(2|z|? — a?)" dv < ¢, implying

[P < [l - a)tdn <
|z|>a
for all large k. By [22, Theorem 7.12], we conclude that Wh (g, 1) — 0. O

REMARK 2. The preceding lemma holds with an almost identical proof hold if we re-
place W, with the p-Wasserstein distance, defined by Wy (11, v) := infcri(y,) [gaspe |12 —

y[P dr(z,y) for p € [1,00), asserting that M, ,, := {1t € Pp(RY) | 1 <c v}, is W,-compact.

We now show that our optimization problem (5) admits a solution, can recover the true
distribution p as the noise diminishes, where the recovery is robust (uniformly continuous).

THEOREM 2.4. i) If D C Po(R?) is closed under the Wh-metric and D N M,, is non-
empty, then problem (5) attains a solution.
il) Let u* be a solution to (5). Then for any p € D with p <c v, we have:

Wa(p*, p) < v/ Var(v) — Var(p) + Wa(v, p).

Consequently, Wa(11*, p) — 0 as Wa(v, p) — 0, i.e., as the noise diminishes.

PROOF. i) By Lemma 2.3 the set M, is Ws-compact. Hence, D N M,, is W,-compact.
Since the functional p +— Var(u) is continuous in the Ws-metric, part i) follows.

ii) Recall that Wh (1, v) = I%[l(ll’l : VEz[|X — Y|?]. We proceed as follows:
mell(u,v
Wa(p™, p) SWa(p®,v) + Wa(v, p)
< VEX = VP + Wa(w,p), foranym € M(u",v)
= /Var(v) — Var(u*) + Wa(v, p)
<+/Var(v) — Var(p) + Wa(v, p),

where the last inequality follows from the optimality of p* in problem (5). O

2.1. Example of domains. The following examples clarify the connection between our
framework, k-means clustering, and principal curves.

EXAMPLE 1 (D as the set of measures on Lipschitz curves). Let Q C R? be a compact
and convex set, and fix parameters L,T" > 0. Consider the set of Lipschitz curves and the
probability measures supported on them, defined by

(8) Cr={a:[0,T] = Q||a(t) — a(s)| < L[t — s|},
) Dy, = {p € P2(R?) | spt(p) C Im(cv) for some a € Cp, },

where Im () = {«(t) | t € [0,T]} and spt(u) denotes the support of . In practice, §2 can be
the convex hull of the support of v, or a closed ball that contains v’s support.

To show Dy, is closed in Ws-metric, let (1), be a sequence in Dy, converging to p, and let
(an)n C Cr, with spt(py,) C Im(cv,). We need to show that spt () C Im(«) for some « € Cr.
By the Arzela—Ascoli theorem, there exists a subsequence of (v, ), (Which we still denote by
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(an,)n) that converges uniformly on [0, 7] to some « € Cy,. This implies spt(x) C Im(«) as
follows: for any € > 0, there exists IV such that for all n > N, Im(«,,) C NV(Im(cx)), where

Ne(Im(a)) :={z € RY | | — y| < e for some y € Im(av) }.

Since spt(u,) C Im(av,) and g, — w1, we have spt(u) C Ne(Im(«)). Taking the limit as € —
0 yields spt(u) C Im(cr). We note that the relaxed problem (6) for this domain is equivalent
to the version of principal curves proposed in [15].

EXAMPLE 2 (D as the set of measures on monotone increasing curves). A set I' C R? is
said to be monotone if, for any (z1,x2), (y1,y2) € T, the following condition holds:

(10) (y1 —x1)(y2 —x2) > 0.
Let MON denote the collection of all monotone sets in R%. We define the search space as
(11) Dyon = {p € P(R?) | spt(p) CT,I' € MON} .

To show that Dyjon is closed under the W,-metric, consider a sequence p, — @ in Ws
with u, € Dymon. Wa-convergence implies weak convergence, so by the Portmanteau theo-
rem, for any (x1,x2), (y1,y2) € supp(u), there exist (z7,z%), (v}, y5) € supp(iy) such that
(', 28) — (z1,22) and (v}, y5) — (y1,y2). By continuity of the product function, we have
(y1 —x1)(y2 — x2) > 0 for any (z1,x2), (y1,y2) € spt(u), confirming that ;1 € Dyion. Mono-
tonicity, reflecting an increasing dependence on the signal variables X, X5, is a natural mod-
elling assumption in many situations (such as when the noisy data variables Y7, Y5 are highly
correlated). It is also closely related to the Lipschitz condition in the preceding example, as
monotone sets I' C R? are well known to be 1-Lipschitz graphs (Z1,Z2) = (%1, F(Z1)) of the
anti-diagonal Zo = %[ml — x2] over the diagonal 71 = %[ml + 2] [19].

REMARK 3. The last example is closely related to the backwards martingale optimal
transport problem studied in [16]. For a given v € P5(IR?), they attempt to minimize E[(Y; —
X1)(Yz — X3)] among measures y € P2(R?) and martingale couplings © € M (p, v). This
differs from our framework in that their cost function ¢(z,y) = (y1 — z1)(y2 — z2) = (§1 —
71)? — (jj2 — z2)? is increasing along the diagonal direction but decreasing along the anti-
diagonal direction and they do not restrict to measures p in any particular domain D. Despite
the latter difference, they show that their optimal p in fact belongs to Dyon. Thus, solving
either the problem in the last example or the problem in [16] yields a measure p € Dyon With
1 =¢ v. These two measures need not be the same, as shown in Supplementary Material A.

The following example relates our framework to data clustering problems.

EXAMPLE 3 (D as the set of measures supported on sets of bounded cardinality). Fix
m € N. Consider the following search space

(12) Dm—{,u—Zuiéxi z; € RY, uiEOVi,Zui—l}.
=1

i=1
We also consider the set of discrete measures of fixed weight as follows. Let u = (u1, ..., Um,)
be a vector of fixed weights, where u; > 0 and ZZ1 u; = 1. We set

(13) DL”:{M:Zuidxi xieRd}.
=1

Proposition 2.2 implies that (3) and (6) are equivalent for either of these domains. Note that
the relaxed problem (6) with D™ is exactly the classical k-means clustering problem, while
with D} it is a fixed weight clustering problem.




2.2. Stability. The following example illustrates that solution stability may not hold if
the input data v varies. Note that this differs from the scenario of diminishing noise.

EXAMPLE 4 (Instability of denoising with self-consistency). We demonstrate that the
stability of problem (3) does not generally hold, inspired by [4].
Define the one-step probability kernel g from R? to P(R?) by

(14) Ko (3717 1‘2) = %6(x1+cos(o9),zz+sin(0)) + %5(ml—cos(0),ac2—sin(o9))'

Define i = %5(,1,0) + %5(070) + %5(1,0), and v, = f<;7r<1 . ) u for each n € N. Observe
#

T 2(n+1)

that as n — o0, We have Up = Voo = RKpglh = %5(_270) + %5(_170) + %(5(070) + %5(1’0) + %6(270).

F1G 1. Support of . and vq FIG 2. Support of jtoo = Voo

Set M, mon = {1t € Dmon | ¢ ¢ v}. For each n € NU {oo}, let 11, be the solution to
(5) with respect to v, which aims to maximize the variance by optimally spreading out the
mass. This results in p,, = p for all n € N due to the monotonicity constraint. However, in
the limit n — 00, v itself is monotone, implying fioo = Voo. This example shows that p is
not stable as a solution to (5) with respect to v in the sense that v, — Voo == pn — Hoos
demonstrating the instability of problem (3).

In contrast to (3), the relaxed problem (6) enjoys the following stability property.

PROPOSITION 2.5 (Stability of the relaxed problem). If v,, — v in Ws metric, and p,, €
argmin,,cp W2(i1,vy) converges in Wy to u*, then p* € argmin,,cp W2 (i, v).

This proposition implies that if D is compact and (6) has a unique minimizer p* for v,
then any sequence of minimizers ., for v, converges to u*.

PROOF. Since /i, minimizes W3 (-, v;,) over D, we have
W5 (ptn; vn) SW5(&,vm)  VEED.
By the continuity of W, with respect to its own topology, taking the limit yields
Wi (", v) = lim W5 (i, vn) < lim WE(€,vm) = W5(&,v)  VEED.

This confirms that u* is a minimizer of W3(-,v) over D. O

2.3. Preliminary numerical simulations. As a proof of concept, we generate 110 and
1000 observations of Y = X + R, where X is monotone and R is Gaussian noise. We set the
domain D to be either the set of measures supported on a monotone set or the set of measures
supported on a curve with finite length. We solve problem (3) by adapting a generalized
Lloyd algorithm. The self-consistency constraint is softly enforced via a penalty term in the
objective function. For comparison, we also generated principal curves based on different
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definitions from [10], [15], and [21].? The results are shown in Figure 3. The figures illustrate
that the curve fitting method based on problem (3) performs reasonably well in capturing the
underlying structure of the data compared to other principal curve methods.

200 Observed Data Points
Un-polluted Data Points

Bounded length curve

1001 —— Monotone curve

—50
Observed Data Points
Un-polluted Data Points

Bounded length curve

-100

-150
=== Monotone curve
-200

—20 —-10 0 10 20 —-10 =5 0 5 10

200 Observed Data Points
Un-polluted Data Points
T. principal curve

1001 — . principal curve

——— K.K.L.Z. principal curve

Observed Data Points
Un-polluted Data Points

= H.S. principal curve

-100

-200 / ~15

-20 —10 0 10 20 -10 =5 0 5 10

= K.K.L.Z. principal curve

F1G 3. Principal curve fitting methods applied to 110 data points (Left) and 1000 monotone data points (Right).
"Monotone curve" and "Bounded length curve" correspond to our solutions of problem (3) over the domain D,
defined as either the set of measures supported on a monotone set or those supported on a curve with finite
length. These solutions are computed using a generalized Lloyd algorithm, where the self-consistency constraint
is softly enforced via a penalty term in the objective function. For comparison, we also present the results of fitting
principal curves using the methods by Hastie-Stuetzle [10], Kégl-Krzyzak-Linder-Zeger [15], and Tibshirani [21].

3. The Kantorovich dominance relation. Despite its conceptual appeal, the learning
problem with self consistency (3) (or equivalently (5)) has certain drawbacks: the convex
order constraint is difficult to check, the problem may be unstable (recall Example 4), and the
intersection of the certain natural domains D with the set {1 | x <¢ v} may be nearly empty,
and thus not contain a reasonable solution (see, for example, the application in Section 4.4).

These challenges prompt us to introduce a weaker relation, the Kantorovich dominance
relation, which still captures some aspects of the martingale property, while avoiding some
of the computational and theoretical difficulties associated with the convex order relation.

Let (-,-) denote the inner product. For p, v € P2(R%), we say that i is less than v in the
Kantorovich dominance relation (KDR), and write p <k v, if there is m € II(u, v/) such that

(15) /(z,y—x)dw(z,y) =0.

REMARK 4. If y <¢ v, then there exists a martingale coupling m € M (1, v) such that

[ty =oyintzn = [ ( [ - o) —o

3For the method proposed by [21], we only generate the curve using 110 data points, as we encounter overflow
issues with larger sample sizes.
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Therefore, the KDR is a relaxation of the convex order relation, capturing a weaker form of
the martingale property. Precisely, v(z) := J (y — x)dm;(y) for some coupling 7, the KDR
requires only that v is orthogonal to Id in L*(pu).

A key part of the motivation for the Kantorovich dominance is that it arises as a sort of
optimality condition for the relaxed problem (6) for a certain class of domains (see Theorem
4.9 below), analagously to the way that self consistency arises as an optimality condition for
particularly simple domains (Proposition 2.2).

REMARK 5. If either u or v is centered, for m = p ® v (the product measure), we have

[ty = yinte) = [ wduta). [yav) - [ lePdute) =~ [ loPdua) <0

Since the image of the weakly continuous mapping 7 — [(z,y — z)dm(z,y) over the con-
nected set I1(u, v) is itself connected, we conclude that (15) is equivalent to

(16) Dipv)i= sup [y whin(z,y) =0,
well(p,v)

(16) motivates the term Kantorovich dominance, as it shows that the "Kantorovich cost"
SUDreT1(j1,0) J{(z,y)dm dominates (i.e., is greater than or equal to) the second moment of .

Since W3 (, v /]w\Qdu—i—/]y\ dv—2 sup /(x y)dm, (16) is equivalent to
mell(p,v)

a7 W3y, / iyl — / 2l2dp.

It follows immediately from (17) that the set of probability measures dominated by v
Mg = {pePa(Q) | p 2k v}
is closed with respect to W,-metric for any compact 2 C R%. However, in general, the set
M = {p e Po(RY) | p =k v}

is not closed with respect to the W, metric (see later discussion).
REMARK 6. Let B, (r) ={p | Wa(p, p) < r}. [23] showed that 1 <¢ v if and only if
(18) Wa(w.p) = Wa(up) < [ o — [ lofPa

holds for all p € B,,(c0) = P2(R%). In contrast, u <k v if (18) holds for p € B,,(0), i.e., for
p = p. Exploring intermediate radii » € (0, 00) remains an open direction for further study.

We observe that the tail probability of j is controlled by the second moment of v if © <k v.
LEMMA 3.1. If p =k v, then we have

(19) p({|z>>a}) < /|y\2dy for every o> 0.

(19) easily follows from (17) and Markov’s inequality:

/ ly[2dv > W2 (v / ePdp > / 22dp > ap({|z2 > a}).

If we further assume that € is compact and v(Q2) =1 (e.g., 2 = con(spt(v)) with compact
spt(v), where con(€2) denotes the convex hull of €2), then we obtain a stronger compactness.
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FIG 4. An example showing that the KDR is not transitive and hence not a partial order.

COROLLARY 3.2. M is a precompact subset of P(R?) with respect to the weak topol-
ogy. If Q) is compact, then ./\/llIfQ is compact in both the weak and W, topologies.

PROOF. By Lemma 3.1 and Prokhorov’s theorem, MX is precompact in the weak topol-
ogy. Since W, convergence is equivalent to weak convergence when € is compact (see Re-
mark 2.8 of [1]), and MfQ is closed, the result follows. ]

However, MX is not necessarily compact in the WV, topology, even if spt(v) is compact.
This motivates the consideration of the domain MX, with a compact §2 instead of M.

EXAMPLES5. Leto, € P(R?) denote the uniform probability measure over a sphere with
radius ¢ > 0 centered at the origin. For 0 <r <1< R, let u= (1 — Ao, + Aog and v = 0.
The optimal coupling 7 for W3 (p, ) sends (1 —X)o, radially to (1 — X)oy and Aog to Aoj.

If r € (0,1) is fixed, and let R = 1+4(r HGY , it is straightforward to verify that
inequality (17) still holds, and hence p <k v. Th1s shows that the support of p can be arbi-
trarily large (by letting A — 0), and that the Kantorovich order relation is not equivalent to
the convex order relation, even in one dimension.

This example also demonstrates that MX is not W, compact in Py (R?), even if v is
compactly supported. If we let » = 1/2, R as above, and p) = (1 — X\)o, + Aog, then as
A — 0, py converges weakly to the uniform probability measure 1 over a sphere with radius
1/2 and second moment 1/4. However, as A — 0, we have [ |z|?duy — 1/2 # 1/4.

Although the KDR captures some properties of the convex order, it is not a partial order.
Specifically, when d > 2, KDR violates the transitivity property.

EXAMPLE 6. Let yu= ld( _1) + 15(0 1), V= %5(_17_1) + %5(171), and 0 = %5(_270) +
8(2,0) (see Figure 4). Clearly, W3 (u,v) = 1 and Wj3(v,0) = 2. Meanwhile, [ |z[*du =
f|y\2dv =2, and [ |z2d0 = 4. Thus, ;4 <k v and v =<k 6 by (17). However, since
Wi(u,0)=5>3= [|z2d0 — [ |z|*du, we do not have p <k 6.

Ls
2
1,

4. Maximizing variance under the Kantorovich dominance relation. Throughout the
sequel, we will assume that €2 is a compact, convex set containing 0, unless stated otherwise.
An example is 2 = con(spt(v)). Let v € P o(2). Motivated by our earlier discussion, given
a domain D C Po(R?), we now study the following variance maximization problem:

(20) max  Var(u).
NE,DQMV Q

THEOREM 4.1. i) If D C Po(RY) is closed in the Wa-metric and D N MEQ non-empty,
then problem (20) admits a solution.
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ii) Let u* be any solution to (20). Then for any p € D N ME 1Py (R?), we have:

p)< \/ / ly[2dv — / |2[2dp + Wa(v, p).

Consequently, problem (20) exhibits a denoising property, meaning that as the noise in
the measure v decreases, the optimal solution p* tends to recover the original measure.

PROOF. i) Since ./\/ll[fQ is compact in the Ws-metric by Corollary 3.2, and D is Ws-closed,

it follows that D N ./\/lf(Q is also W,-compact. The continuity of the variance functional with
respect to the WW-metric guarantees that problem (20) admits a solution.
ii) The proof is similar to the proof of Theorem 2.4.

Wa(p*, p) < Wa(p*,v) + Wa(v, p)

\//de /\xIQdu +Wa(v, p) \//\y!%lv /\ 2dp +Wa(v, p),

where the second inequality is by the KDR and the last inequality follows from the optimality
of u*, which gives E,[| X |?] = Var(p) < Var(u*) =E,-[| X|?] = |[E- [X]|? <E.-[|X[]. O

4.1. Stability. Under a certain condition on D, we now show problem (20) is stable, in
contrast to (3), as shown in Example 4. The hypothesis we will impose on D in the following
definitions is quite weak; in particular, it is satisfied by all domains we have considered.

DEFINITION4.2.  Letv € P2 o(R?). We say that D is approachable from the interior with
respect to v if, for any u € D with u # dp and p <k v, there exists a sequence {yu,} C D
such that Wa (pup,, 1) — 0 and D (g, v) > 0 in (16) for all n € N.

The class of domains that are closed under contractions serves as a key example of domains
that can be approached from the interior.

DEFINITION 4.3. Let Ayu denote the dilation of ;i by A € R, i.e., AX ~ Ayp when
X ~ p. We say that D is closed under contractions if Ay € D forany € D and A € (0,1).

LEMMA 4.4. If D is closed under contractions, then for any v € Pa o(2) and dg # jo € D
with p <k v, there is a sequence { i, } C D such that Wy (pir,, 1) — 0 and D(pr,,v) > 0.

PROOF. If D(u,v) > 0 there is nothing to prove. If not, there exists some 7 € II(x, v) with
J{z,y —z)dmr(z,y) = 0. Let A, be an increasing sequence of positive numbers converging to
1 and choose i, = Ay and m, = ((z,y) — (/\nx,y))#w, so that [(z,y — z)dm,(z,y) =

A [ (@, yydm(@,y) = A3 [ |zPdp(x) > Xy [(2,y)dm(@,y) — A [ |2[?dp(z) = 0. O

The following result illustrates a stability property inherent to problem (20), where 2 C R?
is not required to be compact.

THEOREM 4.5. Let v € P2 () and assume that D is approachable from the interior
w.rt. v. Let {v,} C P2(Q) such that Wa (v, v) — 0. Let pu, be a solution to (20) with vy,. If
Wa(pin, 1t) — 0 for some p, then p is a solution to (20) with v.



VARIANCE MAXIMIZATION UNDER DISTRIBUTIONAL DOMINANCE FOR DATA DENOISING 13

PROOF. Consider first an arbitrary £ € D N MII/(Q satisfying W3(&,v) < [ |y|*dv(y) —
[ |z[2d&(x). By the strict inequality, for all large n we have £ € D N Mﬁi q- By optimality
of p, in (20) with v,,, we have Var(u,,) > Var(&); taking limits then yields {/ar(,u) > Var(§).
Now consider any £ € DN Mfﬂ Letting {¢,,} C DN M’VKQ approximate £ such that

W2(&m,v) < [ |y?dv — [ |z]*d&m, the above argument yields Var(u) > Var(&,,); taking
limits implies Var(u) > Var(§). As £ € DN Mffg is arbitrary, optimality of x follows. [

4.2. Conic domains and equivalence with the relaxed problem. We establish the equiva-
lence between the problem (20) and the relaxed problem (6) under certain structural assump-
tions on D. Notably, this result applies even when spt(r) = € is not compact, ensuring the
existence and stability of solutions in such cases as well.

DEFINITION 4.6. D C P(R?) is called a cone if Agp€Dforany p€Dand A >0.Dis
called translation invariant if Ty, € D for any p € D and k € RY, where Ty (z) :=z + k.

Many of the domains we are interested in are cones and translation invariant, including
those in Examples 2 and 3, as well as measures supported on lines and multivariate Gaussians
as will be explored in Section 4.4 below. Note that the domain in Example 1 is not a cone.

LEMMA 4.7. Let v € Po(R%), and let pi, := Ty 4t denote the translation of p by k.
Among all translations iy, the one that minimizes the W distance to v is the one for which

(21) /Rdﬂ:dﬂk(:v) Z/Rdde(y)-

PROOF. The W, distance between i and v is given by

W2 () = / (@ 4+ k) — ylPdn(z,y),
R4 xRd

where 7 is an optimal transport plan between p and v. Differentiating with respect to k& and
setting the derivative equal to zero gives k = [ ydv(y) — [ xdu(z). Thus, the translation s
that minimizes the W, distance satisfies (21), as claimed. ]

LEMMA 4.8. If D is a cone, then for any p* € argmax,cpnpyx Var(u) and m €
argmax cri(,- 1) [{z,y)dn(z,y), the following equality holds:

) [ @@ = [P o).
If, in addition, D is translation invariant, then p* must be centered; [ xdp*(z)=0.

PROOF. By the KDR (16), for any 1 € D N MK and for any corresponding optimal cou-
pling 7* € argmax, cyy(,,.,) [ (%,y)d7(x,y), we have the inequality:

23) / (g (z,y) > / (e2dpu(z).

Suppose this inequality is strict for some p* € argmax,,epnx Var(u). As D is a cone,
ph = Agp* €D forany A > 0. Let w5 = ((z,y) — ()\x,y))#w* be the corresponding cou-
pling of x and v. If the inequality (23) is strict, there exists a A > 1 such that:

Jwwins=x [tepar >3 [faPan = [ aPas,
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meaning that 1} <k v. However, the variance of ;3 exceeds that of ;* (unless p* = dg, in
which case the result s trivial), contradicting the optimality of 4* € argmax,,cpnax Var(p).
We conclude that the inequality (23) must hold with equality for any optimal p* and 7*.

To see [wdu* =0 if D is translation invariant, let k = — [zdu* and pj = T ,pn* be
defined as in Lemma 4.7. Setting a coupling 7 = ((z,y) — (z +k, y))#ﬂ* of 1} and v,

[1oPauic= [ 1o+ kP < [ faPau = [G@yan = [+ hypn’ = [ (a.phan;

shows 17 <k v. With this, Var(uj) = Var(u*) implies j, is also optimal. Now & # 0 yields
strict inequality above, which contradicts (22). We conclude k& = 0. U

We can now extend the solution existence result for the problem (20) when €2 = R4,

THEOREM 4.9. Letv € Po (R%), and let D be a cone. Suppose that D is either trans-
lation invariant or D C Pa (Rd). Then, the problem (20) with Q) = R? is equivalent to the
relaxed problem (6), meaning that both formulations have the same set of solutions.

PROOF. For any p* € argmin W3 (u, ) and 7* € argmax /(x, y)dm(z,y), we claim
neD mell(p*,v)

(24) / (2, — z) dn*(z,y) = 0,

that is, u* <k v. To see this, for any 1 € D\ {00}, consider a rescaling factor \* that solves
in W2 (Ayp, v) = min | A2 2dp — 2\ /,d , / 2dv ) .
min W (A, v) = min ( |z|“dp Jpax (z,y)dr(z,y) + [ |y[*dv

The optimal scaling is attained at:

A\ = maXﬂ'GH(u,u) f<.’L',y>d7T(J},y)
[l 2du

Since A\* =1 for the optimal ©* (no rescaling improves the objective function), (24) follows.
Next, by the assumption on D and Lemma 4.7, [ zdu* = [ ydv = 0. This and (24) imply

min W2(u,v) = min W2(u, v
ueD 2(:“7 ) uEDﬂMfﬂpz,o(Rd) 2(:“7 )

. 2 2
ueDmM?%lpz,o(Rd) </ Iyl dv / = M)

25 =V — Vi ,

(25) ar(v) = max Var(u)
where we have used Lemma 4.8 to remove [ | P2 o (]Rd) in (25). This shows any solution to the
relaxed problem (6) is also a solution to (20) with 2 = Re. Conversely, if ©* solves (20), the
equality of values (25) and Lemma 4.8 imply that p* solves (6), completing the proof. O

4.3. Weak optimizer closedness and equivalence to the problem with self-consistency.
We have shown that for appropriate domains, the problem (20) is equivalent to the fully
relaxed problem (6). We now consider when (20) is equivalent to the problem with the full
self-consistency condition (3). Recall the centering map from Definition 2.1.
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DEFINITION 4.10.  Let v € P2 (2) and D C P»(2). We say that D is closed under weak
optimizers if, for any 1 € D N MXE that solves (20), there exists 7 € II(u, v) such that

(26) /(m,y)dﬂ(:c, y) > / |z[?du(z) and  cry(p) € D.
For instance, the domains D" and D;;* in Example 3 are closed under weak optimizers.

THEOREM 4.11. If D is closed under weak optimizers, then every optimizer p for the
problem (20) satisfies u =<c v, and consequently, . solves the original problem (5).

PROOF. Assume that p solves (20), so there exists m € II(u,v) satisfying (26). Since
7= ((z,y) — (cr(2), y))#ﬂ € M(cr4(p),v) is a martingale measure, we have

[laPdces) = [teapar=0= [laPau~ [t

Now, as the barycenter minimizes the expected squared distance, we have the inequality
1 1
[ gl sParn) < [ Gl - sPdntep),

with strict inequality if ¢4 (1) # p. After canceling [ |y|2dy = [ |y|*dr = [ |y|*dv, we get

[ si)or | (o)

with strict inequality if ¢4 (1) # . Adding this to the previous inequality gives

Var(er () = [ [ofPdeny(n) > [ lofPdp = Vax(u)
The optimality of x implies equality. Hence cy 4 (1) = p1, which implies p <¢ v. 0

4.4. Relationship with principal component analysis. In this section, we explore the re-
lationship between our formulation (20) and principal component analysis (PCA). Let V,,,
denote the set of all m-dimensional subspaces of R%. Consider the following cone domain:

Dy := {1 € Pao(RY) | u(E) = 1 for some E € V;, }.

Let pg : R? — E denote the orthogonal projection map onto a subspace F of R¢.

LEMMA 4.12.  Any u solving the problem Jmax, Var(u), where v € Pao(R?), is the
HED y, u=kV

orthogonal projection of v onto some E € V,,.

PROOF. Theorem 4.9 shows the problem max,cp,, <, Var(u) is equivalent to the re-
laxed problem min,cp,, W3 (p1,v). Noting Dy, = Upev,, DE, where DL := {1 € Dy, | W(E) =
1}, we can decompose the relaxed problem as mingey;,, min,cpre W2(u,v). The lemma fol-
lows by the fact that the projection pg 4 is the unique minimizer of min,eps Wi (p,v). O

Lemma 4.12 reveals that PCA can be viewed as a particular case of problem (20) with the
domain D;. Specifically, the first principal component is defined as the direction that max-
imizes the variance of the projected data. Lemma 4.12 demonstrates that the projected data
satisfies the variance maximization problem under the Kantorovich dominance constraint.
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We now consider the following version of the PCA in [6, Section 3.3]. Consider the model
(27) Y=L"W+R,
where W ~ AN(0, I,,,) is an m-dimensional Gaussian vector of latent factors, L* € R*™ is
an unknown factor loading matrix of rank m, and R ~ N'(0,0%1;) represents random noise
that is independent of W and cannot be explained by the latent factor. Without loss of gener-

ality, assume that L* = U*(A*)/2, where the columns of U* € R**™ form an orthonormal
set, and A* = diag[\}, ..., A}, ] is a diagonal matrix with A7 > --- >\ > 0.

ro'm

Let v = L(Y'). We now focus on solving the problem (20) over the following cone domain
(28) D ={pur =L(LW)|L=UA"? where the columns of U € R¥*™ are orthonormal,
and A = diag[A1,. .., Ay ] is a diagonal matrix with A; > --- > X\, > 0}.
Note that the problem (20) remains equivalent to the relaxed problem (6), by Theorem 4.9.

THEOREM 4.13.  Let Wy(vy,,v) — 0 where v € Pa o(RY), v, € Po(R?). Then for all n,

DN ME £ with D in (28), and for any ju, € argmax Var(p) with L, = UHA%/2,
! pEDAME,
(29) L,LT —c2U,U — L*L*"  and 02 —0? as n— oo,

where o2 := L ['|y — U U,Ty|*dvy(y) is an estimator of the noise variance o>.
REMARK 7. (29) indicates that the optimization problem max;epnamx Var(u) can re-
cover L(L*W) as the empirical distribution v,, converges to the population distribution v.
This result cannot hold if the full convex order constraint is imposed. In many practical cases,
such as when v, is discrete (e.g., v, is an empirical measure sampled from v), the convex
order condition i <¢ v, fails for any Gaussian p € D unless p = dg. As a result, the domain
DN {p =c vn} reduces to {Jp} if vy, is centered; otherwise, it is empty since D C Py o(RY).

LEMMA 4.14.  For D in (28), the set DN { | Var(u) < 8} is Wa-compact for any § > 0.

PROOF. For any puy, € D with L = UAY/?, Var(pr) => 7% Ai. Thus, max; A; <4. O

LEMMA 4.15.  Let p,, = £(UnA71/2W) and 1= L(UN2W) as in (28). If Wa(pin, 1) —
0, then U, A U — UAUT and A,, — A. If rank(A) = m, then U, U] — UUT as well.

PROOF. Assume that Ay > --- > Ay > 0= A1 =--- = A\, in the diagonal of A. Since
Wa(ftn, ) — 0 implies Var(p,,) is bounded, the sequences {U,,} and {A,} are precompact.
For any subsequences {U} } of {U,} and {A}} of {A,,} converging to U and A, respectively,
define i = L(UAY2W). Then, Wa(fin, pt) — 0 implies ji = y, which ensures U;U; = U;U.T
fori=1,...,k where U; is the ith column of U (notice this yields UUT = UUT if A, > 0),
and A=A, ie., \;=\; fori=1,..., m. Consequently, UAUT =UAUT. The arbitrariness
of the subsequence establishes the lemma. The more general case, A\; > --- > Ag, can be
similarly proven by taking into account the multiplicity of the singular values A1, ..., ;. O

PROOF OF THEOREM 4.13. DN ./\/lf is compact by Lemma 4.14, and g € D N ./\/lf
Notice the unique solution to max,,cpnax Var(p) is u* = N(0, U* (A* + 0?1, )U*T), since
v =N(0,U*A*U*T + 621;), and the Wa-projection of v onto D is clearly x*. Then for
any ji, € argmax;,epnpx Var(u), Lemma 4.14 and Theorem 4.5 give Wa(ur, , u*) —
0. Then since py, = E(UnA;/QW) and p* = L(U*(A* + 0%1,,)"/?W), Lemma 4.15 gives
U MUY = U*(A*+0%1,)U*T, A,y — A* + 0621, and U, U] — U*U*7. This with v, — v/
implies 02 — 0% = 1 [ |y~ UUTy|?dv(y), yielding L, L} — 02U, U} — U*A*U*T. O
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FIG 5. Left: Optimal measure (v under the Kantorovich dominance and the convex order for 2000 data points.
Right: Optimal measure p under the Kantorovich dominance for 5000 data points.

5. Numerical examples. We provide examples of numerically solving the KDR prob-

lem max Var(p) with v = % Z?:l 0y, and three closely related discrete curve domains.
Me sy MKV

5.1. Curves with bounded length. Our first example considers the following domain

m
T; ERd, u; >0, Zuizl, L(/j,) SB},
=1

D) =Dy (m,B) = {u =) uids,
=1

where L(u) = 327" ||ziy1 — 24| represents the length of the discrete curve . Due to the
length bound, D; is not a cone. To address the bound, we transform the constrained optimiza-
tion problem into an unconstrained form by introducing a Lagrangian with multipliers that
correspond to each constraint. Details are given in Section B of the Supplementary Material.
The method employs gradient ascent to update the position z = (x;)™, € (R%)™ and weight
u = (u;)",, while applying gradient descent to update the Lagrange multipliers iteratively.
It is possible to numerically solve problem (3), particularly the martingale constraint, using
gradient descent. However, this approach involves optimizing over a larger set of unknowns
for the coupling 7 rather than focusing on p alone, which leads to increased memory re-
quirements for storing variables, greater computational demand for calculating gradients, and
potentially longer convergence times. In contrast, although calculating the coupling 7 is still
required to compute the W, distance for the KDR problem, it can be done efficiently using
the Sinkhorn algorithm [7], [5], which is known for its speed and computational efficiency.
To illustrate our example, we consider v as a discrete measure, defined over either
n = 2000 or 5000 points, where Y = (Z, Z?) + ¢, with Z being a one-dimensional variable
uniformly distributed over [—1, 1], and € representing Gaussian noise. The initial measure p
is supported on m = 10 points, which are initialized along the first principal component of v.
Using the proposed method, we optimize the location x and the weight u. In the case of
2000 data points, we set the length bound B = 4.0 and the left side of Figure 5 illustrates
the optimal p under both the Kantorovich dominance relation and the convex order relation.
For the case with 5000 data points, an out-of-memory error occurred when attempting to
compute the optimal measure under the convex order. Therefore, we present only the opti-
mal measure under the KDR, with B = 2.0, 3.0 and 4.0, as shown in the right side of Figure 5.

Further improvement in performance is achieved in the case of cone domains, as enabled
by the following result.
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PROPOSITION 5.1.  Assume that D is a cone and translation invariant. Then, solving the
problem (20) with Q = R% is equivalent to solving the following problem.:

30 P = ,yydm(x,y).
G0 ' ueDmP2,or(rIlR%§f7r€H(u,V)/<x v)dm(z,y)
Var(p)<1

PROOF. By Theorem 4.9, the problem (20) is equivalent to the problem min,ecp W3 (i, v),
which, by Lemma 4.8 and equation (24) in the proof of Theorem 4.9, is also equivalent to:

31 Py = )z, y).
( ) 2 MGDQPQ‘OI(IH.%%?WEH(”,V)/<$ y> Tr(x y)

[ y)dr(z,y)=/|z|*dp
We will show that any optimizer (u,7) for (31) induces a solution to (30), and conversely.
For i1 € P(R%), € (11, v) and A > 0, define p1) = Agp and my = (A x Id) 7 € Iy, v).
Then for any feasible pair (i, #) for (30) and (i1, 7) for (31) with [(z,y)d# > 0 and fi # o,

(32) 1:/|x]2dﬂ;\:5\2/3:|2d,a:5\2/(x,y>d7'r:5\/<x,y>d7'r5\, and
(33) )\/ x,y)d /ZL‘ y)dss = /]:U| d,u/\—)\Q/|:1/:|2alu</\2

where A = y/1/Var(j1) so that Var(fi5) = 1, while A > 0 is the unique constant yielding the
second equality in (33). This shows (ji5,75) is feasible for (30) and (/5,7 5) for (31), and
moreover, if P;, P» > 0, then for any optimal pair (f, 7) for (30) and (fi,7) for (31), we have

(34) A=1/A,

since for any optimal pair (f, ) for (30), the constraint Var(i) < 1 must be tight, meaning
that the inequality in (33) is satisfied as an equality. Then (34), with (32) and (33), shows that
for any optimal (ji,7) for (30), its scaling (fi5,75) is optimal for (31), and conversely, for
any optimal (i, 7) for (31), (fi5, 75 ) is optimal for (30). Finally, the proof also shows P; =0
if and only if P, = 0, in which case . = §g serves as the trivial solution to both problems. [

In the following, we apply this result to solve two examples with cone domains®. In both
cases, we use fixed weights for p, specifically p = % >t 0z, to approximate a dataset of
n = 300 distributed along a step-shaped curve with added noise.

5.2. Curves with bounded length-to-standard-deviation ratio. Here we consider the fol-
lowing modification of the domain D :

1 m
1=1

where SD(u) = /Var(u) represents the standard deviation of p. Thus, the bound is now
imposed on the ratio between the length and the standard deviation. Since rescaling p does
not change the ratio L(u)/SD(u), we see that Dy is a cone.

For each value of B, we set m = 300 points z1, ..., x300 and linearly connect them. Figure
6 illustrates the resulting curves. We can see that as B increases, so does the curve length.
Supplementary Material C describes the alternating numerical steps for the solution.

L(p)
% €R% 5Dy < B}’

4Source code for examples 5.2 and 5.3 are available at https://github.com/souza-m/data-denoising.
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FIG 6. Left: Curves with bounded length-standard deviation ratios. Right: Curves with bounded curvatures.
Curves are formed by connecting points using straight lines.

5.3. Curves with bounded curvature. Our last example considers a domain given by

1 m
i=1

where ¢(u) = Zﬁ;l cos? % represents the total curvature, with 6; being the angle between
segments T;,_1x; and T;T;11. D2 is a cone since the angles do not change with scaling of p,
and by Lemma 4.12, B = 0 corresponds to the problem of finding the first principal direction.

In the numerical computation, the curvature constraint is handled indirectly via penaliza-
tion and solved using an alternating method, as detailed in the Supplementary Material C.
For each curvature penalty parameter A\, we set m = 300 points and connect them linearly to
form curves in Figure 6, where the first principal direction is also included for reference.

The examples in this section demonstrate that the proposed method can efficiently compute
the optimal measure under the Kantorovich dominance with large datasets.

Ly 6Rd7 ¢(M) < B}v
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SUPPLEMENTARY MATERIAL

A: Solution comparison between the problem (3) and the problem studied in [16].

@ Support of v
@ Support of 1z,
Support of fum

-3 -2 -1 1 2

We present an example which shows that the optimal measure for problem (1.2) in [16] is
not an optimal measure for our problem (3). We define the measure py, tt,,, and v as follows:

e = 50(—3/2,3/2) + 30(1/2,7/2),
pm = 160(-1/2,1/2) T 30(~1/2,5/2) + 160(~1/2.9/2):
v= 3000+ 1033 + 1022 + 1015
We define the martingale coupling 7 between p and v as follows:
1 1 1 1
Tk = 70((~3/2,3/2),00,0) T 70((~3/2,3/2),(~3,3)) T 10((1/2,7/2),2.2)) T 10((1/2,7/2),(~1.5))>
while the martingale coupling 7, between t,,, and v as follows:
1 1 1
Tm = 70((~1/2,1/2),00,0)) T 200((~1/2,1/2),(~3,3)) T 50((~1/2,5/2),(~3.3))
1 1 1
+ 10((-1/2,9/2),(~-1,5)) T 200((=1/2,9/2),2,2)) T 59((~1/2,5/2),(2,2))-

For u = (u1,us), v = (v1,v2) € R?, let ¢ (u,v) = (u1 — v1)(ug — v2) be the cost function
considered in [16]. It is straightforward to check that for any (z¢,yo), (z1,y1) € spt(mx),

(35) (I =t)er(xo,yo) + tex(zr,y1) <t(1 —t)er(yo, y1), te[0,1].

By [16, Theorem 2.2], (35) shows that 7y, is the optimal coupling for their problem. On the
other hand, it is also easy to check that m,, provide a better coupling for our problem (3),
showing the optimal measure for problem (1.2) in [16] is not the optimal measure for (3).

B: Computational details for Section 5.1.

The Lagrangian we maximize for the example in Section 5.1 is the following:

L(2,u, M, Mg A2, As) = (Z |2 — | ZmiuiHQ) - >\1<Zui - 1) +ZALM
(Yl =il = B) = 2s (W3 n) = (X lslP/m = lleil i) ).
¢ J i

where 3, ||z 2u; — |33, #quq]|? is the variance of y, A\; € R is the Lagrange multiplier for
the probability constraint ZZ u; = 1, A1; > 0 enforces u; > 0, A2 > 0 enforces the length
constraint L(x) < B, and A3 > 0 enforces the Kantorovich dominance constraint.
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The complementary slackness condition for each constraint ensures that the Lagrange mul-
tipliers only contribute when their respective constraints are active. Specifically:

m—1
Al(Zui—l) :0, )\Mui:() \V/’L', )\2<B— Z ||l'i+1 _fL'zH) :0, and
% =1
X (3 i l12/m = 3 Nl Pui = Wi (. v) ) = 0.
J %

Let 7 be an optimal coupling corresponding to W3 (u, v). The gradients with respect to
the location = = (z;)™, € (R%)™ and weight u = (u;)™, € [0, 1]™ are computed as follows.
Gradient with respect to x:

gﬂi =2z;u; —2 ( zj: xju]')u@' —2A3xu; —2A3 zj: Tij(2i—y;)+ A2 (

Tit1 — Ly T — Ti—1 )
[@it1 — il (o — @i

Gradient with respect to u:

oL
o=l = 2( s ) = A+ Awa = Aa (Jlall? + D gl — i ).
J J

The optimal transport plan (7;;) with marginal ; using current (z;) and (u;) and given v. is
calculated using the Sinkhorn algorithm for efficiency.

The multipliers are updated using projected gradient descent to satisfy the KKT condi-
tions, with non-negativity of the multipliers enforced by projecting onto the feasible region.
Specifically, each update step is given by:

)\1<_)\1+77>\1(1_Zﬂi)7

/\172‘ < max (0, )\172' — 7]>\117.,,ui>, \V/i,
m—1
A9 ¢ max (0, Ao + My ( Z Hxi-i-l — a;zH - B>>,
=1

Ng = max (0,2 + mx, (WE () = D P+ il ) )-
i 7

The projection operator max (0, -) ensures that A; ;, A2 and A3 remain non-negative, in line
with the KKT requirements.

C: Computational details for Sections 5.2 and 5.3.

To approximate a solution to (30), we propose an alternating procedure that splits the prob-
lem into two subproblems, optimizing (u, ) with respect to each variable separately. The
variables are x = (1, ..., 7,) € (RY)™, where each z; = (2}, ..., x¢), and 7 = () € RIG™.
These examples use the constant weight on the points of p, that is, we set y = % Yoty Oy
7 represents a transport plan / coupling between the variable 1 and the data v = % Z?Zl Oy, »

subject to the marginal constraints » Tij = % forall 4, and ), m;; = % for all j.

.. . . . L. 0 . . . 1 o
The optimization begins with an initial set z" satisfying the constraints —~ >, 2; = 0 and

L3, l|#;]|* < 1 and the domain constraint (e.g., the set of PCA projections in both exam-
ples). At each iteration ¢ > 1, we perform the following two steps, repeating until conver-
gence. The final output is the pair (z,7), where x is rescaled by the factor A given in (34).
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Step 1. Given z, find 7 that solves
max ZZWU xi,y;) st ZZWg@zO and Zij ||.%‘Z”2 <1.
well(1/m,1/n) Pl PR
Step 2. Given T, set §j = 'y and find x that solves
_ 1 1 9
&%{Z@i,yﬁ st. szizo and %ZHJI%'H <1
7 (2 (2

In Step 1, note that the constraints on 7 are satisfied by construction since the marginal
o 2
condition imposes ) _, .Zj TijTi = ) —xz =0and } ;> (A ZZ% ||;1:Z|| <1.
Thus, the problem falls into the class of trad1t10na1 optimal transport with fixed marginals. To
solve it, in both examples we apply the Sinkhorn method, as noted in Subsection 5.1. Then

to solve Step 2 in Subsection 5.2, we explicitly state the domain constraint on x as follows:

m m m m—1
max (o gi) st Y _wi=0, > [lml? <1, ) |l — 2] < B.
x i i=1 i=1 i=1

Since the second constraint is clearly binding, together with the third constraints it implies

that any solution to the above satisfies the domain constraint W < B. We convert

this problem into a second-order conic program, which can be solved efficiently by interior
point methods — see [3] for an overview. To do that, we define the variable to be optimized as

1 d 1 d
(T]ye e s Ty Ty ey T ALy ey A1)
where the superscript in x; denotes the dimensional component and ay, ..., a,,—1 1S an aux-

iliary variable. The second-moment constraint on x is replaced by the equivalent

m d
> D (@<

i=1 k=1

The constraints are equivalently rewritten as

e a2k =0 k=1,...,d,

||xi+1_l‘i||§ai izla"'um_17
a1—|—...+am_1:B.

We solve the problem in this format using Python and CVXOPT package.
In Step 2 of Subsection 5.3, we replace the domain constraint ¢ () < B by a linear pe-
nalization together with another, inner iteration loop, as follows. Call a; = x;11 — x; for ¢ =

L.ooom—1,and ¢ = (& — &=t fori=2,. — 1. Notice that ¢(u) = 2 375" Jes|| .
At iteration ¢, the problem is solved for ¢* deﬁned as
0
¢ (z) =
-1
1m= e I m
1 Z ga Tits t 1 : - Z 11 = Z gpﬁxi—{—constam,
|ail ‘az 1 i=2

where cpf = —%et( T + B -j\“l ). The penalized problem is written as

max (xi,ci) st Zazizo and ZHJ:Z-HQSm,

TE (]Rd)nz
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where ¢; = §; — Ap! for some penalization multiplier A\. We solve it through the Lagrangian

d m d m
L(z,o,p) ZZ:L’ ZZakxf B{ZZ(xf)z—m}

k=1 1i=1 k=1 1=1 k=1 1i=1

The first derivatives are

Lok (z,0,8) = & —af — 282k,

Lok (z,0,0) = —imf,
=1
d m
ﬁﬁ (%,Oz,ﬁ) =m — ZZ(.%?)Q
k=1 1=1

We can assume that the second-moment condition is binding and 8 > 0, since otherwise it
would be possible to increase the objective function. The first order conditions imply

(7) ck—a —253: =0 =z 26(6 —o/“) vk, 1,
(i7) iﬁcfz%(icﬁ—ag =0 = ak:icf vk,
i=1 i=1 i=1
d m d m
(vit) ZZ(:&?)Q = 4;222 <c£C — ak> =m
k=1i=1 k=1i=1
1 1 d m 9
= f=c.\|— cF—ak
IOMCELY

Replacing « and 5 gives ZL‘ as a function of c. Finally, we update x! partially at each iteration,
as o' = ex! + (1 —€) 2’ where x! solves the problem for ¢'. The loop stops when the

sequence (:nt) converges to a fixed point z*, and we get

. 1m—1 . x¥ . — ¥ [
o =13 (o et _m e

|ai lai—1]
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